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Introduction

Description logics (DLs), as well as DL-based dialects of the
Web ontology languages OWL and OWL 2, have been tai-
lored as knowledge representation languages supporting the
‘classical’ reasoning tasks that are used for ontology design
such as satisfiability and subsumption. Modern DL reason-
ers are indeed able to classify large and complex real-world
ontologies, the OWL version of the medical ontology Galen
being the latest fallen stronghold (Kazakov 2009). Along
with the growing popularity and availability of ontologies,
novel ways of their use, which go far beyond classical rea-
soning, are emerging. In particular, it is generally believed
in the KR community that ontology languages can play a key
role in the next generation of information systems. The core
idea is ontology-based data access, where ontologies enrich
the data with additional background knowledge, thus facili-
tating the use and integration of incomplete and semistruc-
tured data from heterogeneous sources (Dolby et al. 2008;
Heymans et al. 2008; Poggi et al. 2008). In this context,
the main reasoning task is to answer queries posed to the
data while taking account of the knowledge provided by the
ontology. It has turned out, however, that this task does not
scale well in traditional DLs and is dramatically less efficient
than querying in standard relational database management
systems (RDBMSs).

An investigation of DLs for which ontology-based data
access can be reduced to query answering in RDBMSs—
thus taking advantage of the decades of research invested to
make RDBMSs scalable—was launched in series of papers
(Calvanese et al. 2005; 2006; 2008) with the ultimate aim
to identify DLs for which every conjunctive query g over a
data instance D, given an ontology 7, can be rewritten—
independently of D—into a first-order query ¢7 over D
alone and then executed by an RDBMS. This effort gave
birth to a new family of DLs, called the DL-Lite family,
and subsequently to the OWL 2 QL profile of OWL 2. This
rewriting approach to ontology-based data access has been
implemented in various systems such as QuOnto, Owlgres
and REQUIEM. Unfortunately, experiments have revealed
that these systems do not provide sufficient scalability even
for medium-size ontologies (with a few hundred of axioms).
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In a nutshell, the reason is that the rewritten queries are of
size (|T-|¢|)!?! in all known rewriting techniques, which can
be prohibitive for efficient execution by an RDBMS when
|T| is large (even if |q| is relatively small).

A different combined approach to ontology-based data
access using RDBMSs, with the main goal of overcoming
the inherent limitation of the rewriting approach being ap-
plicable only to DLs for which conjunctive query answer-
ing is in AC? for data complexity, has been proposed (Lutz,
Toman, and Wolter 2009). This combined approach sepa-
rates query answering into two steps: first, the data D is
extended—independently of possible queries—by taking ac-
count of the ontology 7, and then any given query over 7
and D is rewritten—independently of D—to an RDBMS
query over the extended data. The new technique was ap-
plied to (extensions of) the DL ££ (underlying the OWL 2
EL profile), which is PTIME-complete for data complexity.

In this paper, we investigate the combined approach to
conjunctive query answering for DL-Lite ontologies. In
particular, we present polynomial rewriting techniques for
both data and query in the case when ontologies are for-
mulated in DL-Lite{:({m (properly containing DL-Liter r of
(Calvanese et al. 2006)). For ontologies in DL-Lite]Si'an ),
extending DL-Litefl\gm with role inclusions, we could not
avoid an exponential blowup (but only in the number of
roles) of the rewritten queries, while keeping the expanded
data polynomial. To evaluate the new techniques, we have
conducted experiments with real-world DL-Lite ontologies,
which demonstrate that the combined approach outperforms
pure query rewriting. It is to be noted, however, that these
amenities come at a price: in general, the combined ap-
proach is applicable only if the information system is al-
lowed to manipulate the source data, which is not the case
in some information integration scenarios.

To explain our approach in more detail, suppose that we
want to answer conjunctive queries over a data instance D
given an ontology 7. As a first step, we expand D by ‘ap-
plying’ the axioms of 7 which gives a new data instance
D’ whose size is O(|D| - |T| + |T|?) in the worst case.
When given a conjunctive query g to be executed over D
and 7T, we rewrite ¢ into a first-order query ¢' over D’ (in-
dependently of D and ‘almost’ independently of 7)) whose
size is O(|q|?) for DL-Litej,,, ontologies. The rewriting ¢
is drastically different from the rewriting of (Kontchakov



et al. 2009), which involves an exponential blowup in the
worst case. For a DL—Lite,(IZ'an ) ontology 7, we can re-
duce conjunctive query answering to the case without role
inclusions, but the resulting query may have to be a union
of rldl queries of the form qT, where r is the maximum
number of subroles for role atoms in ¢q. We also show that
the expansion of data can be implemented using views in
the RDBMS, which has the nice effect that the expanded
database is automatically and transparently adjusted when
the underlying data is updated. As a by-product of the view
construction, we obtain a novel way of pure query rewriting
for DL—Liteﬁ({m. When applied to DL-Liter of (Calvanese
et al. 2006), which disallows conjunction and all number
restrictions but existential quantifiers and functionality con-
straints, this new technique blows up the rewritten query
only polynomially. As no views are involved in this case,
we obtain a first polynomial query rewriting technique for
a DL-Lite logic. A full version of the paper is available at
http://www.dcs.bbk.ac.uk/~roman/.

Preliminaries
We briefly introduce DL-Lite!"\) | the most expressive di-
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alect of DL-Lite for which conjunctive query answering is
in AC? for data complexity under the unique name assump-
tion, along with its fragments that are considered in this pa-
per, such as DL-Ll'te',/l\gm. For more details and the relation to
other DL-Lite logics, we refer the interested reader to (Ar-
tale et al. 2009). Let N|, N¢ and Ng be countably infinite sets
of individual names, concept names and role names. Roles
R and concepts C are built according to the following syntax
rules, where P € Ng, A € Nc and m > 0:

C = 1| A] >mR.

As usual, we write 3R for > 1 R and identify (P~)~
with P. We use Ny to denote the set of all roles. In DL, on-
tologies are represented as TBoxes. A DL-Liteﬁ,zan ) TBox is
a finite set 7 of concept and role inclusions (Cls and RIs),
which take the form C; M ---MC, E Cand Ry C Ry,
respectively. Denote by £ the transitive-reflexive closure
of RIsin 7. It is required that if S % R with S # R, then
T does not contain a CI with C; = > m R, form > 2, on
its left-hand side. Without this restriction, conjunctive query
answering becomes coNP-hard for data complexity (Artale
et al. 2009), which means that the combined approach is no
longer possible without an exponential blowup of the data
(Lutz, Toman, and Wolter 2009). DL-Lite{I\({m is the frag-
ment of DL-Lite}ll‘f,/,v ) in which Rls are disallowed.

An ABox is used to store instance data. Formally, it is
a finite set of concept assertions A(a) and role assertions
P(a,b), where A € N¢, P € Ng and a,b € N,. We denote
by Ind(A) the set of individual names occurring in A. A
knowledge base (KB) is a pair (7,.A) where 7 is a TBox
and A an ABox.

The semantics of DL—Lite,SZ'an ) is defined in the stan-
dard way based on interpretations Z = (AZ,.T); for de-
tails consult (Baader et al. 2003). Throughout the paper, we
adopt the unique name assumption (UNA), i.e., require that
at #+ b? for distinct a,b € N,. In the context of OWL, the

R =P | P,

UNA is not adopted. The combined approach to the case
without the UNA is discussed later on in the paper.

Given an interpretation Z and an inclusion or assertion «,
we write Z |= « to say that « is true in Z. The interpretation
Zisamodelof aKB K = (T, A)ifZ |= aforalla € TUA.
K is consistent if it has a model. We write I = o whenever
7 = a for all models Z of K.

Let Ny be a countably infinite set of variables. Taken to-
gether, the sets Ny and N, form the set Nt of terms. A first-
order (FO) query is a first-order formula ¢ = ¢(¥) in the
signature N¢ U Ng with terms from N, where the concept
and role names are treated as unary and binary predicates,
respectively, and the sequence ¥ = vy, ..., v, of variables
from Ny contains all the free variables of . The variables ¥
are called the answer variables of q, and q is k-ary if v com-
prises k variables. A positive existential query is a first-order
query of the form ¢ = 3@ (u, U), where 1 is constructed
using conjunction and disjunction from concept atoms A(t)
and role atoms P(t,t') with t, ' € Nt. A conjunctive query
(CQ) is a positive existential query containing no disjunc-
tion. The variables in « are called the quantified variables
of g. We denote by qvar(q) the set of quantified variables ,
by avar(q) the set of answer variables ¥, and by term(q) the
set of terms in q.

Let ¢ = ¢(¥) be a k-ary FO query and @ = ay,...,ax a
k-tuple of individual names. We say that @ is an answer to
¢ in an interpretation Z and write Z |= g[a)] if Z satisfies ¢
under the assignment 7 which sets 7(v;) = aiI , 4 < k. Such
an assignment is called a march of ¢ in Z. We use ans(q,Z)
to denote the set of all answers to ¢ in Z. We say that @ is a
certain answer to g over a KB IC = (T, A) if @ C Ind(A)
and Z = ¢[d] for all models Z of K. The set of all certain
answers to ¢ over K is denoted by cert(q, K).

Throughout the paper, we use |K| to denote the size of a
KB IC, that is, the number of symbols required to write /C.
|T], |A| and |g| are defined analogously.

ABox Extension

First, we describe the ABox extension part of the combined
approach to CQ answering in DL—Lite,/i\D/m. Semantically,
the ABox extension means expanding the ABox A to a
canonical interpretation T for the given KB K = (T, A).
More specifically, Zx is constructed by (i) expanding the
set Ind(.A) of individual names in A with additional indi-
viduals to witness existential and number restrictions, and
(i1) expanding the extensions of concept and role names as
required by the CIs in 7. The individual names in (i) are
taken from the set N/ = {cp,cp- | P arole namein T},
which is assumed to be disjoint from Ind(.A). The domain
of Zxc will contain those witnesses cp that are really needed
in any model of /C. To identify such witnesses, we require
the following definition. A role R is called generating in K
if there exist @ € Ind(A) and Ry, ..., R, = R such that the
following conditions hold:

(agen) K = 3Ry(a) but Ry(a,b) ¢ Aforallb € Ind(A)
(written a ~ cpr,),
(rgen) fori <n,T =3R; C3R;4q and R, # Ri1q

(written cr, ~ CRr,,)-



It can be seen that R is generating in K if, and only if, every
model Z of K contains some point z € AZ with an incoming
R-arrow, but there is a model Z where no such x is identified
by an individual name in the ABox.

The canonical interpretation Iy for KC is defined as fol-
lows:

AT* = Ind(A)U{cr | R € Ng, Ris generating in K},
a’* = a, forall a € Ind(A),

ATe = {a € Ind(A) | K = A(a)} U
{ecr € AT* | T =3R™ C A},
PIx = {(a,b) € Ind(A) x Ind(A) | P(a,b) € A} U

{(d,cp) € AT x N] | d~> ¢p} U
{(cp—,d) € N] x AT< | d~s cp-}.

Clearly, Zx is an extension of the ABox A if we represent
the concept and role memberships in the form of ABox as-
sertions. The number of domain elements in Zx does not
exceed |IC|.

The canonical interpretation Zx is not in general a model
of K. Indeed, this cannot be the case because DL—Lite{,\({m
does not enjoy the finite model property (Calvanese et al.
2005) whereas Zx is always finite.

Example 1 Let £ = (7, .A), where
T={AC3P, >2P C 1}, A={A(a)AD)}.

Then A%< = {a,b,cp}, PI* = {(a,cp), (b,cp)}, and so
cp € (>2P7)x and I |~ K.

As far as query answering is concerned, this is not a prob-
lem. More important is that Zx does not always give the
correct answers to CQs, i.e., it is not the case that Zyc |= ¢[d]
iff K = ¢[d] for all k-ary CQs ¢ and k-tuples @ C Ind(A).
We illustrate this by two examples.

Example 2 (i) Consider the ‘cyclic’ query ¢ = Jv P(v,v)
over £ = (7, .A), where

T={AC3P,3P~ C3P}, A={Aa)}.

Then AZc = {a,cp}, PI* = {(a,cp),(cp,cp)} and
ATx = {a}. The assignment 7 defined by 7(v) = cp shows
that Zxc = ¢. On the other hand, the interpretation Z with
AT ={a,1,2,...}, P = {(a, )} U{(n,n+ 1) | n > 1}
and AT = {a} is a model of K, but Z [~ q. Thus K }~ q.

(ii) Consider the query ¢ = Jvg (P(v1,v2) A P(vs3,v2))
over £ = (7, .A), where

T={AC 3P}, A={A(a),A(d)}.

Then AT = {a,b,cp}, PI* = {(a,cp),(b,cp)} and
Alx = {a,b}. Clearly, Zx |= q[a,b]. On the other hand,
the interpretation Z with AZ = {a,b,c1,co}, AT = {a,b},
and PT = {(a,c1),(b,ca)} is a model of K such that
T ¥ qla, b]. Thus K [~ ¢la, b].

We overcome these problems in two steps. First, we show
that the unravelling of Zx into a forest-shaped interpretation
Ux does give the right answers to queries. However, Ui may
be infinite, and so we cannot store it as a database instance.

But, as shown in the next section, any given CQ ¢ can be
rewritten into an FO query ¢' in such a way that the answers
to ¢ over Uy are identical to the answers to ¢ over Zi. This
enables us to use the finite interpretation Zx as a relational
instance and still obtain correct answers to queries.

The unravelling U is defined as follows. A path in T is
a finite sequence acg, - - - cg,, n > 0, such that a € Ind(.A)
and Ry, ..., R, satisfy (agen) and (rgen) (that is, a ~ cpg,
and cg, ~ cg,,,). We denote by paths(Zx ) the set of paths
in Zxc and by tail(o) the last element in o € paths(Zx). The
interpretation Uy is then defined by taking:

AYr = paths(Zy),

ac = q, forall a € Ind(A),
A% = {o | tail(o) € A%<},
PYx = {(a,b) € Ind(A) x Ind(A) | P(a,b) € A} U

{(c,0-¢cp) | o-cp € paths(Zx)} U
{(o0-¢cp-,0) | 0-cp- € paths(Zx)},

where ‘> denotes concatenation. Notice that the interpreta-
tions Z constructed in Example 2 are isomorphic to the re-
spective models Ux.. The interpretation Uy is forest-shaped
in the sense that the graph G = (V, E) with V = AYx and
E = {(0,0-cr) | 0-cr € paths(Zx)} is a forest. The
map 7: AU — AZx defined by taking 7(c) = tail(o) is a
homomorphism from Uy onto Zx, and so Uy |= ¢ implies
Tk = g for all CQs ¢ (but, as shown in Example 2, not nec-
essarily vice versa). Just like Zx, the interpretation Uy is
not in general a model of K. A simple example is given by
K=(T,A),T={AC >2P}and A = {A(a)}, where
we have U = A C > 2P because a is P-related only to
a - cp in Ux. Nevertheless, Uy gives the right answers to all
CQs, as shown by the following:

Theorem 3 For every consistent DL-Litefl\D[m KB K and ev-
ery CQ q, we have cert(q, K) = ans(q, U).

Note that Theorem 3 requires consistency of K. We
shall see below that there is an FO query qI such that
ans(q],A) = 0iff K = (T,.A) is consistent. This will al-
low us to check consistency using an RDBMS before build-
ing the canonical interpretation.

Query Rewriting for DL-Lite,

We now present a polytime algorithm that rewrites every CQ
q into an FO query ¢ such that
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— ans(q,Ux) = ans(q', Zx),
— the length of ¢' is O(|q|? + |g| - | T|) (and can be made
O(|q|?) by adding an auxiliary database table).

By Theorem 3, we can compute the answers to g over K
using an RDBMS to execute g over Zx stored as a relational
instance.

To simplify notation, we often identify a CQ with the set
of its atoms and assume that P~ (v, u) € q iff P(u,v) € q.
The rewriting ¢' of a given CQ ¢ = 3il ¢ is defined by taking

q' =3@(p A1 Apa A ps),



where 1, @2 and @3 are Boolean combinations of built-in
equality predicates over terms in ¢ and constants cp € NIT
(which means that they can be evaluated by a RDBMS over
the result of evaluating ). The formula ¢, is defined as

1= /\ /\ (U%CR)v

v€avar(q) creN]”

and its purpose is to select only those matches where all an-
swer variables receive values from Ind(.A), as required by
the definition of certain answers.

The intuition behind ¢, and (5 is that the rewriting ¢ of
q has to select exactly those matches of g in Zx that can be
‘reproduced’ as matches in . Due to the forest structure
of Uy, this requirement imposes strong constraints on the
way in which variables can be matched to the non-ABox
elements of Zx. Essentially, the part of ¢ that is mapped
to the non-ABox elements of Zx must be homomorphically
embeddable into a forest. This intuition is captured by the
following definition. Let (N )* be the set of all finite words

over Ny (including the empty word €).

Definition 4 Let ¢ = 34 p be aCQ and R(¢,t') € g. A par-
tial map f: term(q) — (Ng)* is a tree witness for R(t,t")
in ¢ if its domain is minimal (w.r.t. set-theoretic inclusion)
such that the following conditions hold, where w € (Ng)*:

- f(t") = R

—if f(s) = w- S and S'(s,s’) € ¢ with S" # S, then
f(y=w-5-9%

— if f(s) =w-Sand S~ (s,5") € g, then f(s") = w.

If a tree witness for R(t, ') in ¢ exists, then it is unique and
denoted by fr(s,1)-

Intuitively, the tree witness fr(; ) deals with matches 7
in Zyc where 7(t') = cg. The reproduction 7’ of this match
in Uy has to satisfy 7'(t') = o - cg for some o. Due to the
condition R, # R;+1 in (rgen), we have o - cg - cg- ¢
AYx | By the definition of Uy, (7'(t), 0 - cg) € RYx thus
implies 7' (t) = 0. Now, fp(:,.) serves two purposes. First,
it identifies, via its domain ® C term(q), those terms in ¢
that must be mapped by 7’ to the subtree of Uy with root
7'(t). Second, it describes a homomorphic embedding of
qlo (i.e., g restricted to D) into that subtree: fr( )(s) =
R; - - - Ry, means that 7' (s) = m(t) - ¢cg, - - - ¢, Due to the
structure of Uy, it can actually be seen that the described
homomorphic embedding is the only possible embedding of
this kind. Therefore, if the tree witness for R(t,t") does not
exist, then no homomorphic embedding is possible, which
means that ¢’ cannot be mapped to ¢ - c¢g in Uy, and so not
to cr in Zxc. This is precisely what s is for:

P2 = A (' # cr).

R(t,t')eq
Jr(t,¢y does not exist

Example 5 We illustrate (5 using the query ¢ = Jv P(v,v)
and KB K from Example 2 (i). As we saw, K [~ ¢ but
TIx | q since (cp,cp) € PIX. Now observe that there
exists no witness tree fp(, ) because otherwise we would

have fp(,v)(v) = P and, by P(v,v) € gand P # P,
also fp(yw)(v) = P - P, contrary to fp, ) being a func-
tion. Thus, v # cp is a conjunct of ¢, and so Zx = q.
In general, the variable v can only be matched to an ABox
individual no matter what KC is: both v # cp and v # cp-

are conjuncts of (o and, by the definition of Zy., we have
(cr,cr) & PT< forall Cand R ¢ {P, P~ }.

If R, exists then, in principle, ¢ can be mapped to a
cgr in . But then we still have to ensure that all terms in the
domain D of fg(y,.) are matched in Zic in a way that can be
reproduced in the relevant subtree of Ui by a homomorphic
embedding. This is the case precisely when the terms in ©
are matched in Zx as prescribed by fr(s,¢:

— if fre)(s) = Ri--- Ry, forn > 0, then 7(s) = cgr,,;
—if fR(t,t’)(S) =g, then W(S) = W(t)
Both of these conditions are in fact guaranteed by (3:

Pz = /\ ((t’ =cgp) — /\ (s = t))
R(t,t')eq TRty (s)=¢
fR(t,t’) exists

Example 6 We illustrate 3 using the ‘fork-shaped’ query
q = Jvg (P(v1,v2) A P(vs,v3)) from Example 2 (ii). For
every KB K, if U = ¢[a1, a3] and vs is not mapped to an
ABox individual, then a; = ag. This is not the case in Zx as,
depending on K, we might be able to map v to c¢p. Thus, it
is sufficient to add (v2 = ¢p) — (v1 = v3) as a conjunct to
P(v1,vz) A P(vs, v2). This is achieved using 3 as follows:
we have fp(, v,)(v2) = Pand fp(y, v,)(v3) = €. Thus, @3
contains the conjunct (vy = c¢p) — (v1 = v3), as required.

It is easy to see that ¢© can be computed in polynomial
time in the size of the query ¢ and the set N/ . In particular,
the required functions fr(; ) can be computed in polytime
by a straightforward algorithm akin to breadth-first search,
which also decides their existence. The length of ¢f is of
size O(|q|* + |q| - |T1), where the |T| factor is solely due
to 1. If we add a unary database table aux that identifies
exactly the elements of N/, then we can replace (1 with

Sh= N\ —aux(v)

vEavar(q)

and obtain ¢' of size O(|¢|?).
The main result of this paper is the following theorem:

Theorem 7 For every DL—Lite%m KB K and every CQ g,
ans(q', Ix) = ans(q, Ux).

Canonical Interpretation by FO Queries

The aim of this section is to show that the canonical inter-
pretation Zx for a DL-Lite)Y, KB K = (T,.A) can be con-
structed by means of FO queries. This allows us to imple-
ment the construction of Zy. in an RDBMS using (potentially
materialised) views. The benefit is that updates of the ABox
A, such as insertions and deletions, are automatically re-
flected in those views, which solves the problem of updating
Tk in a simple and elegant way.

Given a DL—Lite{,\({m TBox 7 and concept and role names
A and P, we construct FO queries ¢’ (x) and ¢} (z, %) such



that the answers to ¢ and ¢}, over A coincide with AZx
and, respectively, PZ% for all ABoxes A and K = (T, A).
It will be convenient for us to regard A as the interpretation
T 4 defined by taking:

- A4 =Ind(A) UN/;

— ATA = {a| A(a) € A}, forall A € Nc;

— PZA = {(a,b) | P(a,b) € A}, forall P € Ng.
Equivalently, we could rely on domain independence of

queries and use the active domain semantics (Abiteboul et
al. 1995). We now construct ¢ () in three steps. First, for
each concept C in T, we define inductively a query expg(x)
which determines CZ4. To simplify presentation, we as-
sume that 7 contains all CIs of the form > m R C > m/ R,
for pairs of concepts > m R and > m’ R in T such that
m' < m, and no > m"” R, for m’ < m” < m, occurs in
T. In any case, the extended TBox is only linearly larger
than the original one. Set

eXPIO( ) =1 exp), () = A(x),
eXpEIR (I) = (SC = CR’) \Y Ely R(Ivy)v
exp;(r)LR(x) =y, Ym (/\R(x,yz) A /\(yz # yj)),
1<i<m i#£j

where m > 2, and for j > 1, set

expg’j(m) = exij Y \/ /\ expTJ Y.
C1M--NCLCC i=1

Thus, expg’j(x) adds to expTJ Y(z) those elements of
ATA that can be obtained by one inference step of SLD res-
olution (Kowalski and Kuehner 1971). As we d0 not need
more than |7 inference steps, the formulas exp.” (x) are

all equivalent for j > |77|. We set expli(z) = expL- 7\7'|( ).

Lemma 8 Fora DL- LIfej\{r% TBox T and a concept C'in T,
ans(expl,Z4) N ATx = C* for all KBs K = (T, A).

Second, we construct queries ¢} (7, y) computing PZx.
Let rgenT be the set of pairs (Rp, R,—1) of roles in T
such that there is a sequence Ry, ..., R, satisfying (rgen).
Clearly, rgeng depends only on 7 and can be computed in

time polynomial in |7|. For a role name P, set

= P(z,y) V (genp () A (y = cp)) V
(gen?(y) A (x = cp-)),

ab(z,y)

genf(z) = agenf () V
\/(Roys)ergenT (32 agengo (Z) A (33 = CS)),

agen () = explp(z) A =3y R(z,y) A /\ (x # cs).

Lemma9 For a DL-LiteY  TBox T and a role name P,
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ans(q},Za) = PI< for all KBs K = (T, A).
To define queries ¢, (z) computing A%<, it is enough, by
Lemma 8, to restrict exp; () to the domain of Z.. So as the

third step we set ¢} (z) = exp’ (x) A D(z), where

D(z) = /\cReN,T ((x =cg) — 3z geng(z)).

Lemma 10 For a DL- L1teh0m TBox T and a concept name
A, ans(q},Z4) = A< forall KBs K = (T, A).

The queries for constructing Zx also provide us with the
previously announced query ¢/ = 3z (exp] (z) A D(x))
which can be used to check consistency of I (see the remark
after Theorem 3): KB IC = (T, A) is consistent if and only
ifans(q],Z4) = 0.

A very interesting observation is that we can combine the
rewritten query ¢! with the queries constructing Zx-. The
resulting FO query ¢7 can be executed directly over Z 4
rather than Zx.. Thus we obtain a novel technique for the
pure query rewriting approach. It involves only a polynomial
blowup for DL-Liter (Calvanese et al. 2006), the fragment
of DL-Lite, with Cls of the form C; T Cy, > 2R C L
or C1 M Cy C L and the C; of the form A or 3R. More
precisely, the length of 7t for a DL-Liter TBox T is

O(lg|-|T1- , max _|rgeng]),
which is linear in |¢| and at most cubic in | 7. All the previ-
ously known query rewriting techniques for DL-Liter pro-
duced exponential results. Our technique can also be ap-
plied to DL- L1teﬁ\0/re, which extends DL-Liter with arbitrary
number restrictions > m R. In this case, however, we have
to take account of the number encoding because the sub-
formulas exp;?LR(x) are of length Ogr m?). If the num-
bers are represented in unary then |¢7 | = O(|q| - |T|?).
If the numbers are coded in binary and we are allowed to
use aggregation functions (e.g., COUNT in SQL), then |qT |

is O(|q| - |T|*). Furthermore, if the subqueries exp ()
are defined as views and thus contribute with size 1 to the
length of exp J+1(z) then similar con31derat10ns also ap-
ply to TBoxes in the full language of DL- L1teh0m Without
views or aggregation, the definition of Zx is exponential.

Query Answering in DL-Lite (om )

We now show how our (combined) approach to CQ answer-
ing over DL-Lite,/l\(fm KBs can be extended to answering pos-
itive existential queries over DL-Lite,(,?me) KBs, which can
contain role inclusions subject to the constraint formulated
in the preliminaries. In fact, we show that this more general
case can be reduced (at a price of an exponential blowup) to
CQ answering over DL- the{l\(fm KBs.

Given a DL-Lite{’"\) KB K = (T, A), we first trans-
form (in polytime) the TBox 7T into a DL—LIte{I\D/m TBox 7},
by removing all RIs and adding the CIs 3R C 35 whenever
R C% 8. Since Ky, = (Th, A) is a DL-Lite}y,,, KB, it has
a canonical interpretation Zx, , which can be stored as a re-
lational instance in the RDBMS. We then show that every
positive existential query ¢ can be rewritten into a union of
CQs (UCQ) g, such that the answers to g over K coincide
with the answers to g, over Zx, . We rely on Theorem 7 to
answer the UCQ g5, in a component-wise fashion.

We construct g, in two steps. First, we transform q into a
positive existential query ¢’ by replacing each atom R(¢,t")
in g with the disjunction VSE*TR S(t,t'). Since the RIs were
removed from 7, this is now compensated by the construc-
tion of ¢’. Clearly, ¢’ can be constructed in polynomial time.



Second, we convert ¢’ into disjunctive normal form gy, i.e.,
into a UCQ. Of course, this results in an exponential blowup.
More precisely, we obtain a union of at most 1% conjunc-
tive queries, where 7 is the maximum over [{S | S T4 R},
for role atoms R(t,t’) in ¢, which is an improvement over
the known (|77 - |¢|)!9! bound for the pure query rewriting
approach.

Theorem 11 For every consistent DL—LiteEHN ) KB K and

orn

positive existential query g, cert(q,K) = ans(q;fL,I;gh).

It is to be noted that if RIs are only used to express sym-
metry of roles then the exponential blowup can be avoided
by modifying the definition of tree witnesses.

Query Answering in DL-Lite\’"”) without UNA

horn

The Web ontology language OWL does not adopt the unique
name assumption (UNA), but allows instead equality and
inequality constraints of the foorm ¢ ~ b and a #% b
for individual names. Without UNA, CQ answering in
DL-Litefofm (with or without ~ and %) becomes CONP-
hard for data complexity (Artale et al. 2009). If, however,
DL—theg{mN ) TBoxes contain concepts > m R withm > 2
only in the form of functionality constraints > 2R T L
(this fragment is called DL—Lite,(Wn]E )) then query answering
is ‘only’ PTIME-complete for data complexity. If concepts
> m R with m > 2 are disallowed then query answering is
LOGSPACE-complete (due to equalities a ~ b). In the com-
bined approach, both equality and functionality constraints
can be eliminated at the stage of constructing the canonical
interpretation. Indeed, given a DL-Lite],,, KB K = (T, A),
denote by eq,- the minimal equivalence relation such that

- (a,b) € eqy, foreach a = bin I,
- >2RLC 1 €T, R(a,b),R(d,b) € A, (a,a’) € eqy
implies (b, V') € eqy.

To construct Zx, we first compute the relation eq- and then
take it into account in the definition of AZ< and PZ< above
by sayingrin the expg’] (x) that they can also be obtained
from expC’J_l(y) and eqy(z,y); the queries %ng,y) are
modified accordingly. The RIs in DL-Lite,(mmf can be
treated at the query rewriting stage similarly to DL-Liteﬁ,Z'an )
under UNA.

Note also that DL-Lite;(,;rfnf ) TBoxes (and OWL 2 QL on-
tologies) may contain role disjointness, (a)symmetry and
(ir)reflexivity constraints. The presented approach can be

extended to handle these features.

Experiments

We evaluate the performance of the combined FO rewriting
technique by comparing it with the pure query rewriting ap-
proach introduced in (Calvanese et al. 2005; 2006; 2007;
2008) and implemented in the QuOnto system (Acciarri et
al. 2005; Poggi, Rodriguez, and Ruzzi 2008).

The experiments use several DL-Lite ontologies formu-
lated in DL-Lite,., the common fragment of DL-Lite,/l\(fm
and the logic underlying QuOnto. Among the ontologies
considered are the DL-Lite,,, approximation Galen-Lite of
the medical ontology Galen (consisting of the DL-Lite,.

CIs implied by Galen), the Core ontology (a representation
of a fragment of a supply-chain management system used by
the bookstore chain Waterstone’s), the Stockexchange ontol-
ogy (an EU financial institution’s ontology), and the Univer-
sity ontology (a DL-Lite,,,, version of the LUBM ontology
developed at Lehigh University to describe the university or-
ganisational structure). The sample ontologies cover a wide
spectrum of DL-Lite ontologies, ranging from complex con-
cept hierarchies (as in Galen-Lite) to ontologies with rich
role interactions (such as Core). The data was stored and the
test queries were executed using DB2-Express version 9.5
running on Intel Core 2 Duo 2.5GHz CPU, 4GB memory
and 500GB storage under Linux 2.6.28.

Figure 1 summarises the running times for several test
queries and randomly generated ABoxes of various size.
For each ABox, we report the number of individuals (Ind,
in thousands), the numbers of concept assertions (CAs, in
millions) and role assertions (RAs, in millions) in the orig-
inal ABox and in the canonical interpretation. For each
query, we then show the execution times in the columns
UN (the unmodified query over the original ABox, which
does not give correct answers and serves as an ‘ultimate
lower bound’), RW (the rewritten query executed over the
canonical interpretation), and QO (the query produced by
QuOnto executed over the original ABox). The queries
reported in the table are sample CQs with 3-6 atoms of
various topologies (the exact shape of the queries for the
Galen-lite and Core ontologies is given in the full paper
at http://www.dcs.bbk.ac.uk/~roman/ and, for the
Stockexchange and University, in (Pérez-Urbina, Motik, and
Horrocks 2009)); the size of the queries is limited by the fea-
sibility of creating a QuOnto rewriting; the technique pro-
posed here scales to considerably larger conjunctive queries.
In the case of the University ontology, RIs were incorporated
into the query rewriting as outlined above, without a signifi-
cant impact on the overall results.

The results can be summarised as follows: (1) query
answering in our approach is competitive in performance
with executing the original queries over the data (indeed,
the query rewriting simply introduces additional selection
conditions on top of the original CQ that are executed in a
pipelined fashion by the RDBMS); (2) query answering us-
ing the QuOnto approach is often prohibitively expensive
even for relatively small ontologies; and (3) the construc-
tion of canonical interpretations can be performed off-line
within 2 hours even for the largest data sets (where loading
the data into the RDBMS alone takes tens of minutes.) The
need for constructing the canonical interpretation, similarly
to creating additional auxiliary data structures in standard
relational databases (e.g., indices and materialised views),
speeds up query processing at the expense of updates. In-
cremental updates of the ABox can be supported by rely-
ing on techniques developed for efficient materialised view
maintenance (Colby et al. 1996).

Conclusion
We presented a combined approach to CQ answering in
DL—Lite,ﬁ\U/rn and some of its variants and demonstrated that
this approach often allows more efficient query execution



ABox size (in M) query

Ind | original | canonical [9J] 02 03 04

(inK) CA RA| CA RA|UN RW QO [ UN RW QO [UN RW QO | UN RW QO
Galendlite 20] 20 20] 99 3.7]002 004 13.69] 002 008 165002 011 Im28] 0.2 022 I6mll
2733 comcerts 50| 50 50|248 93/004 055 1439] 005 019 221]0.03 028 51.39| 0.11 043 13m26
0T e 70/10.0 10.0|43.0 154|003 076 17.56| 0.11 055 3.01/0.06 0.73 Iml1l| 0.15 0.63 13m00
1888 axioms 100200 20.0(75.0 258|005 087 23.86| 0.14 076 655/0.12 095 Im31| 0.18 152 16m23
Core 501 20 20| 55 28(022 037 T7m41| 030 041 38m16]0.13 029 Im7| 0.19 046 6m26
1 eoncepts 100] 50 50[11.8 57/046 3.97 25m32| 0.53 597 97m47/0.50 1.10 2m15| 020 1.00 12m02
S e, 200/10.0 10.0|23.7 114|080 573 38m33| 086 6.65 67m13[0.81 178 3m28| 0.78 2.57 13m38
381 axioms 300(20.0 200|545 27.8|1.28 732 23m04| 134 803 71m49|1.87 3.12 5m31| 1.70 3.86 14m55
University 100] 20 20| 55 2.7(0.06 2.61 26m08] 0.10 0.15 49m36]0.02 0.05 29m 10| 045 0.67 O9m49
L eomeens 300) 5.0 5.0/13.9 7.2[/005 522 36m22| 021 0.13 33m54|0.02 003 29m29| 094 1.84 9m52
35 e 500/10.0 10.0|252 13.7/0.06 5.18 22m17| 0.13 032 31m33[0.02 0.02 24m43| 148 240 10m02
103 axioms 800(20.0 200465 253|006 0.10 27m48| 0.11 030 56m44[0.02 002 27m42| 334 3.66 9m5l

200] 20 20| 7.0 4.0]1.01 408 4m19| 0.89 2.88 17m536|1.02 298 67m34| 101 406 >2h
ls;(c’;i:;:’hange 500 50 50/17.6 100|234 864 5m01| 2.08 601 12m11|243 657 35m33| 1.71 926 >2h
1> roep, 1000 10.0 10.0[35.2 20.1|4.47 1133 6m19| 434 13.36 15m56|4.47 1437 45m42| 445 2084 >2h
62 axioms 1500 [20.0 20.0(57.3 35.5(9.31 1830 7m12|16.32 22.05 11m09|9.15 39.37 38m24|1031 56.74 >2h

Figure 1: Query processing times (in seconds).

than pure query rewriting. There are several open issues for
future work. In particular, we do not know whether the com-
bined approach can be implemented for DL-Lite,SZf,,N ) with-
out an exponential blowup in the rewritten queries. A closely
related ojgen problem is whether the combined approach for
DL-Lite,,, can be extended to positive existential queries
without such a blowup. Finally, our polynomial rewriting
for DL-Liteé\(f,e in the pure query rewriting approach raises
the question whether the exponential blowup can also be
avoided in other variants of DL-Lite.
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Appendix

Proof of Theorem 3

Theorem 3 For every satisfiable DL—Lite{,\({m KB K and ev-
ery CQ g, cert(q, K) = ans(q, Ux).

Proof. Suppose K = (7,.A). As shown in (Artale et al.
2009), K = g[a] if, and only if, Jx |= ¢[d], where Jx is the
(canonical or minimal) model of K constructed inductively
as follows.

Step 0. Set Wy = Ind(.A) and, for all concept and role
names A and P, set Ay = {a € Wy | K & A(a)} and
Py = {(a,b) | P(a,b) € A}; Py is the inverse of Fy. In
parallel with the construction of Jx we also define a map
h: AJe — AUx_ Atstep 0, we set ho(a) = a for a € Wy.

The domain A7% of Jx will consist of Ind(.A) and mul-
tiple copies of certain ‘virtual’ points yr for some roles R,
which are supposed to serve as witnesses for incoming R-
arrows. If w is a copy of yr then we write cp(w) = yg.

Step n+1. Forarole R and a pointw € W,,, let r, (R, w)
be the number of distinct R-successors of w in W,,, that is,
rn(R,w) = ‘{u € Wy | (w,u) € Ry}|. Let (R, a), for
a € Ind(A), be the maximum m for which K = > m R(a)
and, for cp(w) = yg, let (R, w) be the maximum number
m for which K = 35~ C > m R. If such an m does not
exist then we set 7(R, a) = 0 or, respectively, (R, w) = 0.

For each w € W,, with (R, w) — r,(R,w) =1 > 0, we
add [ new points uy,...,u; to Wy, set cp(u;) = ygr, add
the u; to A, if K = 3R~ C A, and add the pairs (w, u;) to
R,,. This defines W,, 11, A, 11 and P, 1, for all concept and
role names A and P. Let us now define h,, 1. Suppose that
hn(w) = a € Ind(A). If a ~ cg then a - cg € paths(Zx),
(a,a-cr) € RY%, and we set h,, 1 (u;) = a - cg, fori < [.
If a 4 cp then, by (agen), there is b € Ind(A) such that
R(a,b) € A, ie., (a,b) € RY<. Set hy,11(u;) = b. Assume
now that h, (w) = o -cg for some S. By IH, cp(w) = yg. If
¢s ~ cptheno-cg-cp € paths(Zx) and (0-cg,0-cs-cr) €
RYx, We set h,,41(u;) = 0-cg-cg, fori < I. Otherwise, by
(rgen), we must have S~ = R and then (o - cg,0) € RY~.
We then set hy,41(u;) = 0,4 < I

Step w. Finally, set AV% = J,_ Wi, AT =, A
and P7< = |J,__ P;, for all role and concept names A and

Pin K, and a7< = q for all individual names a. (Note that
Jc EK) Andlet h = J,_, hi.

It follows immediately from the definition that Ux is a
substructure of Jx. On the other hand, the map & is clearly
a homomorphism from Jx onto Uy.. Therefore, T | ¢|d]
if, and only if, U = q[d].

Proof of Theorem 7

To begin with, we give some more intuition regarding how
witness trees are computed. Suppose that we want to com-
pute fr, (to,4,)(tn). Assume first that the terms ¢, and ¢,, are
‘connected’ in ¢ in the sense that there is a sequence of the
form

¢ =toR1t1 Roto ... tn_antn, Ri(tz’—h tqj) € q. (1)

We will call ¢ a computation of fg, (14.4,)(tn). We can com-
pute fr, (to,¢1)(tn) by taking first the word Ry - Ry --- R,
and then successively removing from it all leftmost pairs of
the form R - R~ (cf. reductions in free groups). If in this re-
moval process we obtain a word of the form R; - R; - w
with R; = R} then fg,(1,)(t;) = € and, if j < n,
JRi(t,t)(tn) is not defined. Otherwise the resulting word
is the value of fr, (4,4, (fn), provided that all computations
of fr, (to,t,)(tn) give the same result; if this is not the case
then the tree witness for Ry (to,¢1) does not exist. If ¢, and
t,, are not connected by a computation then fr, (¢o.¢,)(tn) is
not defined. Note also that if we use the computation ¢ to
determine fr, (¢,.+,_,)(fo) then we can take the same word
Ry - Ry --- R, successively remove from it all rightmost
pairs of the form R - R~, and then take the inverse. The ex-
ample below shows that fr (. +,_,)(fo) may be undefined
even if fr, (¢,.4,)(tn) is defined.

Example 12 Let ¢ = {R(tl,tg),S(tQ,tg),S(t4,t3)}.
Then fre, ) (t2) = R, fret, 1) (t1) = & fR(t1,)(t3) =
RS, fR(tl,tQ)(t4) =R, fS(t4,t3)(t3) =S, fS(t4,t3)(t4) =
€, fs(ta,ts)(t2) = €, and fg(, +,)(t1) is not defined. In this
case Y1 = Y2 = T and Y3 = ((tg = CS) — (tg = t4))

The following easily proved lemma will be used through-
out this section.

Lemma 13 Suppose that fr, (1,1, (tn) is defined. Let ¢ be
a computation of fr, (t,.+,)(tn) of the form (1). Then there
are0=mg<mq <---<mp=mn, k>1, such that

® fRo (tm st 1) (tm,_y) = & for 1 <i <k, and

° me(tmlvtml—l)(to) is the inverse of [r, (ty.t,)(tn)-
Moreover, if fg, (t5,t,)(tn) = € then k = 1.

In what follows, we exploit the following structural prop-
erties of Zx and Uy that are immediate from the definitions:

(pD) If (d,d’) € R, then one of the following holds:
(i) d,d € Ind(A); (i) d = cg and d # cr-; or
(iii) d = cp- and &’ # cp.

(p2) If (0,0’) € RY%, then one of the following holds:
(i) 0,0’ € Ind(A); (ii) 0/ = 0 - cg and tail(o) # cg-; or
(iii) 0 = 0’ - cx- and tail(c’) # cg.

We now prove the main result of this paper:

Theorem 7 For every DL—Lite{:/

om KB K and CQ ¢, we have
ans(q", Zxc) = ans(q, Usc).

Proof. (<) Let 7 be an d-match for Uy and ¢. Define a
map 7: term(q) — AZF by taking 7(t) = tail(7(t)) for
all t € term(q). By the definitions of 7w and Uy, we have
Ix =™ ¢, and so 7 is an @-match for Zx and ¢. Thus, it
remains to show that Zx E™ 1 A w2 A 3. To do this,
we require the following notion. Let R(¢,t') € ¢. Define a
relation X ;) C term(q) x (Ng)* by taking

_ (4)
Xpew) = U XR(t,t’)7
i>0



where
0
X}(%()t,t') ={(', R)},

1+1 % T
X4t =Xl U{(sw- S 8) | (s,w-8) € X, 1),

S'(s,s') € qand 8" # ST} U
{(s',w) | (s,w- ) € X, 1y, S (5,8) € g}

XRt,) is clearly well-defined. Moreover, it should also be
clear that if it is a partial function then fr; 1y = Xpg(s,47)-

Lemma 14 Suppose that R(t,t') € qand 7(t') = cg. Then
(5,81 Sk) € Xp,vy implies T(s) = 7(t)-cs, - - - cg,,. It
follows that fr 1y = Xg(t,)-

Proof. By the definition of X g 4+, it suffices to show that,

for every ¢ > 0, if (s,51---Sk) € Xz(%i()t ¢y then 7(s) =

T(t)-cs, - - - cs, . We proceed by induction on ¢. For the basis
of induction we consider (', R) € Xg()t, ¢y Since m(t') =
cr, we have tail(7(t')) = cgr. So, using (7(t),7(t')) €
RYx and (p2), we obtain 7(') = 7(t) - cg as required. For
the induction step, we consider two cases. (i) Assume that

(S/,Rl Ry, - S/) c Xga;lt),), (S,Rl s Rm) S X}(%i()t’t/),

S'(s,s') € qand " # R.,. Then, by IH, 7(s') = 7(t) -
CR, ***CRr,,. Since S’ # R, and ((s),7(s")) € (S')Ux,
(p2) gives us 7(s") = 7(s) - cg+ as required. (ii) Suppose that
(', By R) € X504, (s,Ru R - S) € X§), )
and S~ (s,s’) € q. Then, by IH, 7(s) = 7(t) - ¢g, - - CR,,, -
cs. In view of (p2) and (7(s'),7(s)) € SY<, we obtain
7(s') =7(t) - cR, - - - cRr,, as required. a

We can now show that Zxx E™ ¢1 A 2 A 3.

p1¢ By the definition of matches, we have 7(v) # cg for
any v € avar(q) and cg € N/. And by the definition of
7, w(v) # cg for any such v. Thus, Zx E™ .

ot Let R(t,t') € gand 7(t') = cg. To prove Ixx =™ o,
it is enough to show that fg( . exists, which follows
from Lemma 14. Thus, Zxx =™ ¢s.

@3t Let R(t,t') € q, fre)(s) = € and 7(t') = cg. By
Lemma 14, 7(s) = 7(t), from which 7(s) = «(t). Thus,
Ik E™ s

This completes the proof of (<).

(=) Assume now that 7 is an @-match for Zx and ¢f.
Our aim is to show that there is an @-match 7 for Ui and ¢f.
Obviously, we can set 7(¢t) = m(t) whenever 7(t) € Ind(A).
Defining 7(t) for other t € term(q)—that is, for the terms
t that are mapped by 7 to points of the form cr in Zx—is a
bit more problematic.

Call a term ¢ € term(q) a root (of q under ) if

— either 7(t) € Ind(A)
— or 7(t) = cp and there is no atom R(¢,t) € q.

Lemma 15 For every non-root t € term(q), there is some
R(s,s') € qsuchthat sis aroot, m(s') = cr and fpr(s,s)(t)
is defined.

Proof. Suppose ¢ € term(g) is not a root. By the definition
of roots, this means that there is some Rq(t1,%p) € ¢ with
to = t and 7(to) = cp,. Further, either ¢; is a root or there
is some Ry (t2,t1) € g with w(t1) = cg,. We iterate this
argument until we reach a root. To show that this indeed
eventually happens, suppose otherwise. Then there is an in-
finite sequence Ro(t1,t0), R1(t2,t1), ... of atoms in ¢ such
that ¢ = to and 7(t;) = cg, for all i > 0. By (p1), we have
R; # R;H for all ¢ > 0. Since term(q) is finite, there are
J.k with j < k and t; = 5. Due to Zix =" 2, the tree
Witness fr, (t,,,,t,) €Xists. Since R; # R, foralli > 0,
it is easy to see that fg, (.., .+,)(ti) = RpRx_1--- R; for
all i < k. We thus obtain fr, (¢, ., +,)(t;) = Ri--- Ry,
contrary to fr, (¢,.t,)(tx) = R and ty = t;. So there is
a sequence Ro(t1,t0),-..,Re—1(te,te — 1) € g such that
to = t, tgis aroot, R; # R, fori < £ — 1, and
w(t;) = cr,, for i < ¢ — 1. By the definition of tree wit-
nesses, we then have fr, | (1,+,—1)(t) = Re—1---Ro. As
m(te—1) = cr,_,, it follows that the atom Ry_1(t,to—1) is
as required. Q

Example 16 Consider the KB K = (7, .A) with
T = {A/CA A, C A 3P~ C3ISNIR,
IR~ C 35, AC 3P,
A {Ai(a), Az(b)}

Then the canonical interpretation Zx is as follows:

AT< = {a,b,cp,cs,cr},

AT = {a, b}, ATS = {a}, A3~ ={b},
P ={(a,cp), (b,cp)}, R™ ={(cp,cr)},
S = {(cp,cs), (cr,ycs)}-

Consider again the query ¢ from Example 12. It is readily
checked that the map 7 defined by taking

w(t1) =cp, w(ta) =7(ts) =cr, =(t3) =cs

is an @-match for Zx- and qT. Both ¢; and ¢4 are roots, while
to and t3 are not roots. Moreover, fr(t, +,)(t4) = R, while
JR(ta,ts)(t1) is not defined.

We shall also require the following two lemmas.

Lemma 17 If fg(s ) (t) = w - R and ©(s') = cg, then
’7T(t) = CR.

Proof. The proof is by induction on the number of steps re-
quired to compute fg(s s (). The basis of induction, that
is, the case t = s/, is trivial. For the induction step, we
consider two cases. (i) Assume that fg(; o)(t') = w' - Q,
Q # R™,R(t',t) € ¢,and s0 fg(s,)(t) = w'-Q-R. By IH,
m(t') = cg. As Ix E™ ¢, we have (cq,m(t)) € RE<. So,
by (p1), 7(t) = cp. (ii) Suppose that fs(s ) (1) = w' - Q,
Q™ (t',t) € ¢, and so fg(s+(t) = w' = w- R. By IH,
7(t') = cq. Take the nearest predecessor ¢ of ¢’ in the com-
putation of fg(s (") with fg(s o) (") = w- R, which must



exist by the definition of tree witnesses. By IH, 7(t") = cpg.
As Tix =™ @9 and 7(t') = cq, fo) exists. Moreover,
by the choice of t”, we clearly have fg 4 (t”) = €, from
which, by Zic =™ @3, 7(t) = 7(t") = cg. a

Lemma 18 Suppose fg(s (1) is defined and nonempty,
m(s') = cs, fruw(r) is defined and w(t') = cg. Then
fS(s,s/)(T) is deﬁned and

fS(s,s’)(T) = fS(s,s’)(t) . fR(t,t’)(T)'

Proof. Let fg(s)(t) = w- Q. By Lemma 17, 7(t) = cq.
In view of 7(t') = cg and (pl), @ # R~. We can now
prove our claim by an easy induction on the number of steps
required to compute fg(s (7). The basis of induction—
i.e., the case 7 = t'—follows from fg(s ¢ (1) = w - Q and
Q # R™, as we have fg(s ) (t') = w-Q - R. Suppose
next that fr ) (17') = w' - T, T(r',r) € qand T' # T,
from which fr ) (r) = w' - T" - T. By IH, fg(s,. (') =
w-Q-w T, and so fgis o (r) = w-Q -w -T"-T.
Finally, if fr)(r') = w' - T and T~ (r',r) € q then
TR (1) =w'. By IH, fg(s.s) (") =w-Q-w' T, and so
fS(s,s’)(r):w'Q'wl‘ a

A root t of ¢ under 7 is called initial if there is no
S(s,s') € q such that s is a root, 7(s") = cs, fs(s,s)(t)
is defined and fg(s o) (t) # €.

Example 19 In the environment of Example 16, root ¢; is
initial (although t,4 is a root with S(t4,t3) € ¢, w(c3) = ¢cs
and fg(t,.t,)(t1) not defined). On the contrary, root ¢ is not
initial because fr(, +,)(ts) = R.

Lemma 20 [f7(t) € Ind(A) then t is an initial root.

Proof. By definition, if m(¢t) € Ind(A) then ¢ is a root.
To show that ¢ is initial, assume to the contrary that there
is some S(s,s’) € ¢ such that s is a root, w(s') = csg,
[s(s,s)(t) is defined and fg(s o) (t) # €. By Lemma 17,
we have 7(t) = cg € N/ contrary to 7(t) € Ind(A4). Q

We now strengthen Lemma 15 to the following:

Lemma 21 For eacht € term(q), either t is an initial root
or there is some R(s,s') € q such that s is an initial root,
7(s") = cr, fR(s,s)(t) is defined and nonempty.

Proof. Let t € term(q). If ¢ is an initial root, we are done.
Suppose now that ¢ is a root but not initial. Then there is
some Ry(so,s() € g such that sg is a root, w(sy) = cr,,
fRo(so,s(’])(t) is defined and fRo(so,s(’))(t) # e. If s is ini-
tial, we are done. Otherwise, there is some R;(s1,5)) € ¢
such that s; is a root, 7(s}) = CRr,, [r,(s;,s;)(50) is de-
fined and fg, (s, s;)(S0) # €. Moreover, by Lemma 18,
le(sl,s’l)(t) = le(sl,s’l)(SO) : ng(sU,s(’))(t)' We can re-
peat this argument, and each time the word fg, (s, «/)(t) be-
comes strictly longer. Due to finiteness of g, we thus even-
tually reach an initial root. Finally, if ¢ is not a root, then
Lemma 15 gives some R(s,s’) € ¢ such that s is a root,

7(s") = cr and fg(s ¢ (t) is defined. We can then proceed
as in the previous case. Q

We now show the following:

Lemma 22 Suppose r € term(q) and R(t,t'),S(s,s’) € ¢
are such that both t and s are initial roots, ©(t') = cg,
m(s") = cs and fru (7)., fs(s,s)(r) are defined. Then
TRty (1) = fs(s, () and 7(t) = 7(s).

Proof. Consider four possible cases.

Case 1: fs(s.s) (1) = freu)(r) = €. As I =™ 3, we
have 7(t) = n(r) = 7 (s).

Case 2. fsss)(r) = € and fpu(r) # e
Consider some shortest computation of fg(s s)(7), say,
555'S283 ... 8p_15u7r. AS fssn(r) = &, Sy = S7.
And in view of Zx E™ 3, we have w(s) = m(r). It
follows that m(s,—1) = 7(s’) = cg. By Lemma 13,
fs(rsn_1)(8) = €. And by Lemma 18, frys)(s) =
Trt,e)(r) - fs(rs,_1)(8) # €, contrary to s being an ini-
tial root.

Case 3: fs(s,s)(r) # € and fr( 4y (1) = € is similar to
Case 2.

Case 4: fry(r) # € and fg(s . (r) # . Con-
sider again the shortest computation s5s’S2s5 ... 5, _15,7
of fs(s,s) (). We claim that fr(; () = €. Indeed, as s is
an initial root, fr(s) cannot be defined and nonempty.
And if fg( 4 (s) is not defined then there must exist some
i, 1 < i < n, such that fr (si) = e (here we set
s’ = s1). But, as we saw in Case 2, this is impossi-
ble because fg(ss)(si) # €. Thus, frrs)(s) = € and
s0, by ¢3, we have 7(t) = m(s). It should also be clear
from the discussion after the definition of tree witnesses that

TR (1) = fs(s,51) (7). Q

We are now in a position to define an @-match 7 for U
and q. For each cr € AZ<, we choose a y(cg) € AYF with
tail(y(cr)) = cr and define a map 7 : term(q) — AYX as
follows:

(a) if 7(t) € Ind(A), then we set 7(t) = 7(t);

(b) if 7(t) ¢ Ind(A) and ¢t is an initial root, then we set
() = (7 ());

(c) if R(t,t") € g, t is an initial root, s € term(q), 7(t') =
Cr» fr(t,)(s) is defined and fr(s,4)(s) = S - - - Sk, then
set7(s) =7(t) - cs, -+ - Cs, -

By Lemma 21, 7 is total. To see that it is well-defined, it

is suffices to observe that, by Lemma 20, cases (a)—(c) are

disjoint (i.e., for each ¢ € term(q), 7(¢) is defined in only
one of them) and that (c) is well-defined by Lemma 22. It
thus remains to show that 7 is an a-match for U and gq.

Note first that, by the definition of 7 and Lemma 17, we
have

tail(r(t)) = w(¢t), forallt € term(q). ()

By the definition of U and (2), all concept atoms in ¢ are

satisfied by 7. Now let R(¢,t') be a role atom in g. The

following six cases are possible:

Case 1: w(t) and 7(t') are defined in (a). Then we have
7(t) = w(t) € Ind(A) and 7(t') = 7(¢') € Ind(A). Since



Ix =™ q, we have ((7(t),n(t')) € RZx. By the definition
of Uy, (T(t),7(t')) € RYx.

Case 2: 7(t) is defined in (a) and m(¢') in (b). Then
7(t) € Ind(A) and ¢’ is a root. Since w(¢') ¢ Ind(.A) and
R(t,t') € q, we obtain 7(t') # cg. As (7(t), (') € RIx
and in view of (p1), this is a contradiction, so this case is
impossible.

Case 3: 7(t) is defined in (a) and 7(¢') in (¢). Then
we have 7(t) € Ind(A) and 7(¢') ¢ Ind(A). By (pl),
(m(t),n(t')) € RZ* implies 7(t') = cr. By Lemma 20,
t is an initial root. By the definition of tree witnesses,
TR (") = R. By Lemma 22, (c) and (a), we thus have
7(t') = 7(t)-cg. By the definition of U, (7(t), cr) € R
implies (7 (t), w(t) - cr) € RYUX.

Case 4: w(t) and w(t') are defined in (b). Then 7(t) = cg
for some S such that there is no S(s,t) € ¢. Clearly, this
implies S # R~. By (p1) and since (7 (t), 7(t')) € RZ<, it
follows that 7(t') = cg, contrary to 7(t') being a root. So
this case is impossible.

Case 5: 7(t) is defined in (b) and 7(¢') in (¢). Then
m(t) = cg for some S such that there is no S(s,t) € g,
and so S # R~. By (p1) and since (7 (t), 7(t')) € Rx, it
follows that 7(¢') = cg. By the definition of tree witnesses,
fr@) (") = R. By Lemma 22, (¢) and (b), we thus have
7(t) = y(n(t)) and 7(¢') = v(7(t)) - cg. By the definition
oful/{;g, (m(t),cr) € RI< implies (y(n(t)),y(7(t)) - cr) €
RY%,

Case 6: m(t) and 7(¢') are defined in (c). Then there is
an S(s,s’) € q such that s is an initial root, 7(s’) = cg,
fg(&sl)(t) = Sl ce Sk, and T(t) = T(S) +Csy rrCgy . Since
R(t,t") € q, we have to consider two subcases:

Case 6.1: R # S, . By the definition of tree witnesses,
fs(s,s) (") = S1--- Sk - R. By Lemma 22 and the formu-
lation of (c), we thus have 7(t') = 7(s) - ¢g, -+ - ¢s, - CR.
By (2), 7(t) = cs, and w(t') = cg. Thus (cs,,cr) € RI®
and (7(t) - cs, -~ cs,,7(t) - cs, -+ - cs, - cr) € RYX by the
definition of Uj.

Case 6.2: R = S, . By the definition of tree witnesses,
fs(s,sn(t') = S1---Skp—1. By Lemma 22 and the formula-
tion of (¢), we thus have 7(¢') = 7(s) -cg, -+ - ¢s,_,. By (2),
7(t) = cg, and 7(t') = cs,_,. Thus (cs,,cs,_,) € RIx
and (7(t) - cs, -+ Cs,, T(t) - €5, * - Cs,_,) € RYF by the
definition of Ux.

This completes the proof of Theorem 7. a

Proof of Theorem 11
Theorem 11. For every consistent DL-Lite,(lHN ).KB K and

orn

positive existential query g, cert(g, ) = ans(q,TL,I;gh).

Proof. (=) Let ¢ and ¢ be k-ary and @ a k-tuple of indi-
vidual names from .A. First assume that (75,.A) & qnldl.
Then there is a model Z, of (7y,.A) such that Z;, ¥~ g [dl.
Construct a new interpretation Z by setting AT = AZnr,
AT = AZn forall A € N¢, and

Pt ={(d1,ds) | (d1,d2) € S* for S € Ng, S C% P}

for all P € Ng. To show that (7 ,.4) ~ ¢[d], it suffices to
prove that (i) Z |= 7 and (ii) Z }~ ¢[a].

(i) By definition, Z = R C S whenever RC S € 7. It
remains to show that Z = C, M ---MNC, C C, for Cy M
-MNC,ECeT.Letde (CyM---MC,)~. We have to
show that d € CZ. This follows if d € (Cy M ---11C,)*"
because Z = C; M ---MC, C C and C*» C C7T by the
definition of C' and Z. Assume to the contrary of what has
to be shown that d ¢ (Cy 1 --- 1 C,,)%*. Then there exists
C; such that d ¢ C’iI k. Since d € CZ»I, this can only be the
case if C; is of the form > m R. But then there exists d’
and S such that (d,d') € S%», S C% R, and S # R. By
the definition of DL-Lite{”N)  this implies that m = 1. But
then d € (3S)%* and 3S C IR € Ty, imply d € (3R)**,
which is a contradiction.

(ii) Assume that Z =" ¢q. We show that 7, =™ g
and thus derive a contradiction. As g¢p is constructed
from subformulas of the form A(t) and \/SE*TR S(t,t"), for
R(t,t") € q, we consider two cases. (i) For A(t), we have
T, E™ A(t) whenever T =" A(t) because AT = ATn,
(ii) For \/SDTR S(t,t") with R(t,t') € q,if T =™ R(t,t)
then, by construction of Z, there exists S with S T3 R
and (7(t),7(t')) € ST* and thus, Z;, =™ \/SDTR S(t,t).
As gy, is a built from these subformulas using only conjunc-
tion and disjunction, we have Z;, =" ¢, whenever Z =7 q.
Thus, Z, = qp[d)-

(<) Let (Tn, A) = quld]. Then (7, U T, A) = ¢ld]. But
then 7 |= Ty, implies (T, .A) = q[d]. a



