A Cookbook for Temporal Conceptual Data Modelling with
Description Logics

ALESSANDRO ARTALE, Free University of Bozen-Bolzano, Italy
ROMAN KONTCHAKOV Birkbeck, University of London, UK
VLADISLAV RYZHI KOV, Free University of Bozen-Bolzano, Italy
MICHAEL ZAKHARYASCHEYV, Birkbeck, University of London, UK

We design temporal description logics suitable for reasoning about temporal conceptual data models and investigate their
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of the ABox hold at specified moments of time. To express temporal constraints of conceptual data models, the languages
are equipped with flexible and rigid roles, standard future and past temporal operators on concepts and operators ‘always’
and ‘sometime’ on roles. The most expressive of our temporal description logics (which can capture lifespan cardinalities
and either qualitative or quantitative evolution constraints) turns out to be undecidable. However, by omitting some of the
temporal operators on concepts/roles or by restricting the form of concept inclusions we construct logics whose complexity
ranges between NLOGSPACE and PSPACE. These positive results are obtained by reduction to various clausal fragments of
propositional temporal logic, which opens a way to employ propositional or first-order temporal provers for reasoning about
temporal data models.
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1. INTRODUCTION

The aim of this article is twofold. On the one hand, we investigate the complexity of reasoning about
temporal conceptual data models depending on the available modelling constructs. On the other
hand, we achieve this by encoding temporal conceptual data models in carefully crafted temporal
description logics (TDLs, for short). As a result, we obtain a new family of TDLs and a clear under-
standing of how their constructs affect the complexity of reasoning. Most of the constructed TDLs
feature an unexpectedly low complexity—compared to other known TDLs—such as NLOGSPACE,
PTIME, NP and PSPACE, which is good news for automated temporal conceptual modelling. How-
ever, some combinations of the constructs (which involve temporal operators on relationships) result
in undecidability, giving a new type of undecidable fragments of first-order temporal logic.
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Conceptual data modelling formalisms, such as the Extended Entity-Relationship model (EER)
and Unified Modelling Language (UML), provide visual means to describe application domains in
a declarative and reusable way, and are regarded as standard tools in database design and software
engineering. One of the main tasks in conceptual modelling is to ensure that conceptual schemas
satisfy various ‘quality properties’: for instance, one may wish to check whether a given schema is
consistent, whether its entities and relationships can be populated, whether a certain individual is an
instance of a certain class, etc. That was where conceptual modelling met description logics (DLs),
a family of knowledge representation formalisms specifically designed to efficiently reason about
structured knowledge [Baader et al. 2003]. Since 2007, DLs have been recognised as the backbone
of the Semantic Web, underlying the standard Web Ontology Languages OWL and OWL 2!

Connections between conceptual data models (CMs, for short) and DLs have been investigated
since the 1990s (see, e.g., [Calvanese et al. 1999; Borgida and Brachman 2003; Berardi et al. 2005;
Artale et al. 2007a] and references therein), which resulted in a classification of CMs according
to the computational complexity of checking schema consistency depending on the available mod-
elling constructs. The standard EER/UML constructs include generalisation (inheritance) for entities
(classes), relationships and attributes with disjointness and covering constraints on them, cardinal-
ity constraints for relationships and their refinements, multiplicity constraints for attributes and key
constraints for entities. Reasoning over CMs equipped with the full set of constructs is EXPTIME-
complete, which was shown by mapping CMs into the DLs DLR and ALCQZ [Calvanese et al.
1999; Berardi et al. 2005]. With the invention of the DL-Lite family [Calvanese et al. 2005; 2007,
Artale et al. 2007b; 2009a], it became clear that reasoning over CMs can often be done using DLs
much weaker than DLR and ALCQZ. For example, the NP-complete DL-Lite,()Z)f[) was shown
to be adequate for representing a large class of CMs with generalisation and both disjointness and
covering constraints, but no upper cardinality bounds on specialised relationships; see [Artale et al.
2007a] and Section 2.2 for details. If we are also prepared to sacrifice covering constraints, then the
NLOGSPACE-complete fragment DL—Liteg'feN ) can do the job. (Note that DL—LiteEZ'feN ) contains the
OWL 2 QL profile? of OWL 2 and the DL fragment of RDF Schema, RDFS?)

Temporal conceptual data models (TCMs) extend CMs with means to represent constraints over
temporal database instances. Temporal constraints can be grouped into three categories: timestamp-
ing, evolution and temporal cardinality constraints. Timestamping constraints discriminate between
those classes, relationships and attributes that change over time and those that are time-invariant
(or, rigid) [Theodoulidis et al. 1991; Gregersen and Jensen 1999; Finger and McBrien 2000; Ar-
tale and Franconi 1999; Parent et al. 2006]. Evolution constraints control how the domain elements
evolve over time by migrating from one class to another [Hall and Gupta 1991; Mendelzon et al.
1994; Su 1997; Parent et al. 2006; Artale et al. 2007e]. We distinguish between qualitative evolu-
tion constraints describing generic temporal behaviour, and quantitative ones specifying the exact
time of migration. Temporal cardinality constraints restrict the number of times an instance of a
class can participate in a relationship: snapshot cardinality constraints do it at each moment of time,
while lifespan cardinality constraints impose restrictions over the entire existence of the instance as
a member of the class [Tauzovich 1991; McBrien et al. 1992; Artale and Franconi 2009].

Temporal extensions of DLs have been constructed and investigated since Schmiedel [1990] and
Schild’s [1993] seminal papers (see [Gabbay et al. 2003; Artale and Franconi 2001; 2005; Lutz
et al. 2008] for detailed surveys), with reasoning over TCMs being one of the main objectives.
The first attempts to represent TCMs by means of TDLs resulted in fragments of DLRys and
ALCOTy s whose complexity ranged from EXPTIME and EXPSPACE up to undecidability [Artale
and Franconi 1999; Artale et al. 2002; Artale et al. 2003]. A general conclusion one could draw
from the obtained results is that—as far as there is a nontrivial interaction between the temporal

Twww.w3.0rg/2007/0WL, www.w3.org/TR/owl2-overview
2www.w3.org/TR/owl2-profiles
3www.w3.org/TR/rdf-schema
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and DL components—TDLs based on full-fledged DLs such as ALC turn out to be too complex for
effective practical reasoning (in more detail, this will be discussed in Section 3.3).

The possibility to capture CMs using logics of the DL-Lite family gave a glimpse of hope that
automated reasoning over TCMs can finally be made practical. The first temporal extension of
DL-Lite,(JZI ) was constructed by Artale et al. [2007c]. It featured rigid roles, with temporal and
Boolean operators applicable not only to concepts but also to TBox axioms and ABox assertions.
The resulting logic was shown to be EXPSPACE-complete. (To compare: the same temporalisation
of ALC is trivially undecidable [Artale et al. 2002; Gabbay et al. 2003].) This encouraging result
prompted a systematic investigation of TDLs suitable for reasoning about TCMs.

Our aim in this article is to design DL-Lite-based TDLs that are capable of representing various
sets of TCM constructs and have as low computational complexity as possible. Let us first formulate
our minimal requirements for such TDLs. At the model-theoretic level, we are interested in temporal
interpretations that are Cartesian products of object domains and the flow of time (Z, <). At each
moment of time, we interpret the DL constructs over the same domain (thus complying with the
constant domain assumption adopted in temporal databases [Chomicki et al. 2001]). We want to
be able to specify, using temporal ABoxes, that a finite number of concept and role membership
assertions hold at specific moments of time. We regard timestamping constraints as indispensable;
this means, in particular, that we should be able to declare that certain roles and concepts are rigid
(time-invariant) in the sense that their interpretations do not change over time. Other temporal and
static (atemporal) modelling constraints are expressed by means of TBox axioms (concept and role
inclusions). In fact, we observe that to represent TCM constraints, we only require concept and role
inclusions that hold globally, at every time instant; thus, temporal and Boolean operators on TBox
axioms [Artale et al. 2007¢; Baader et al. 2008; 2012] are not needed for our aims (but may be useful
to impose constraints on schema evolution). Finally, in order to represent cardinality constraints
(both snapshot and lifespan), we require number restrictions; thus, we assume this construct to be
available in all of our formalisms.

The remaining options include the choice of (i) the underlying dialect of DL-Lite for disjointness
and covering constraints; (ii) the temporal operators on concepts for different types of evolution
constraints, and (iii) the tempora] operators on roles for lifespan cardinality constraints. For (i), we
consider three DLs: DL—thebzf)] and its sub-Boolean fragments DL—Liteszm and DL—LiteE.Z'feN
For (ii), we take various subsets of the standard future and past temporal operators (since and until,
next and previous time, sometime and always in the future/past, or simply sometime and always).
Finally, for (iii), we only use the undirected temporal operators ‘always’ and ‘sometime’ (referring
to all time instants); roles in the scope of such operators are called temporalised.

Our most expressive TDL, based on DL—Litel(,zf)f[), captures all the standard types of temporal
constraints: timestamping, evolution and temporal cardinality. Unfortunately, and to our surprise,
this TDL turns out to be undecidable. As follows from the proof of Theorem 6.1, it is a subtle
interaction of functionality constraints on temporalised roles with the temporal operators and full
Booleans on concepts that causes undecidability. On a more positive note, we show that even small
restrictions of this interaction result in TDLs with better computational properties.

First, keeping DL-Litel()Zf)f[)as the base DL but limiting the temporal operators on concepts to ‘al-
ways’ and ‘sometime; we obtain an NP-complete logic, which can express timestamping and life-
span cardinalities. To appreciate this result, recall that a similar logic based on ALC is 2EXPTIME-
complete [Artale et al. 2007d]. Second, by giving up temporalised roles but retaining temporal oper-
ators on concepts, we obtain PSPACE- or NP-complete logics depending on the available temporal
operators, which matches the complexity of the underlying propositional temporal logic. These
TDLs have sufficient expressivity to capture timestamping and evolution constraints, but cannot
represent temporal cardinality constraints (see Section 3). We prove these upper complexity bounds
by a reduction to the propositional temporal logic P7T L, which opens a way to employ the existing
temporal provers for checking quality properties of TCMs. Again, we note that a similar logic based
on ALC is undecidable [Wolter and Zakharyaschev 1999; Artale et al. 2002; Gabbay et al. 2003].
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We can reduce the complexity even further by restricting DL-Lite,(,Z'Z\/) to its sub-Boolean frag-

ments DL-Lite,({z;[nj:/ ) and DL-Lite{*), which are unable to capture covering constraints. This re-
sults in logics within NP and PTIME. And if the temporal operators on concepts are limited to
‘always’ and ‘sometime’ then the two sub-Boolean fragments are NLOGSPACE-complete. To ob-
tain these results we consider sub-Boolean fragments of P77 L by imposing restrictions on both the
type of clauses in Separated Normal Form [Fisher 1991] and the available temporal operators. We
give a complete classification of such fragments according to their complexity (see Table III).

The rest of the article is organised as follows. Section 2 introduces, using a simple example, con-
ceptual data modelling languages and illustrates how they can be captured by various dialects of
DL-Lite, which are formally defined in Section 2.2. Section 3 introduces temporal conceptual mod-
elling constraints using a temporal extension of our example. In Section 3.2, we design DL-Lite
based TDLs that can represent those constraints. Section 3.3 gives a detailed overview of the results
obtained in this article together with a discussion of related work. Section 4 gives the reduction of
TDLs to PT £ mentioned above. In Section 5, we establish the complexity results for the clausal
fragments of propositional temporal logic. Section 6 studies the complexity of TDLs with tempo-
ralised roles. We discuss the obtained results, open problems and future directions in Section 7.

2. CONCEPTUAL MODELLING AND DESCRIPTION LOGIC

Description logics (DLs; see, e.g., [Baader et al. 2003]) were designed in the 1980s as logic-based
formalisms for knowledge representation and reasoning; their major application areas include on-
tologies in life sciences and the Semantic Web. Conceptual modelling languages [Chen 1976] are
a decade older, and were developed for abstract data representation in database design. Despite
apparent notational differences, both families of languages are built around concepts (or entities)
and relationships using a number of ‘natural’ constructs; a close correspondence between them was
discovered and investigated in [Calvanese et al. 1999; Borgida and Brachman 2003; Berardi et al.
2005; Artale et al. 2007a].

The DL-Lite description logics [Calvanese et al. 2005; 2007; Poggi et al. 2008; Artale et al.
2007b; 2009a] and the DL-Lite-based profile OWL 2 QL of OWL 2 have grown from the idea of
linking relational databases and ontologies in the framework of ontology-based data access [Dolby
et al. 2008; Heymans et al. 2008; Poggi et al. 2008]. The chief aims that determined the shape of the
DL-Lite logics are: (i) the ability to represent basic constraints used in conceptual modelling, and
(if) the ability to support query answering using standard relational database systems. In this article,
we concentrate on DL-Lite as a modelling language and briefly return to the issue of ontology-based
data access (OBDA) in Section 7.

In this section, we give an intuitive example illustrating the main constructs of conceptual data
models and their DL-Lite representations. In the example, we use the Extended Entity-Relationship
(EER) language [Elmasri and Navathe 2007]; however, one can easily employ other conceptual
modelling formalisms such as UML class diagrams (www.uml.org). Then we formally define the
syntax and semantics of the DL-Lite logics to be used later on in this article.

2.1. A Motivating Example

Let us consider the EER diagram in Fig. 1 representing (part of) a company information system.
The arrow from the entity Manager to the entity Employee stands for the statement ‘all managers
are employees.” The double arrow with a circle below Manager means that the set of managers is the
union of the set of area managers and the set of top managers. These statements can be represented
in the language of description logic as inclusions between concepts:

Manager T Employee, AreaManager T Manager,
Manager T AreaManager || TopManager, TopManager T Manager.

Here Manager, Employee, AreaManager, TopManager are concept names (or unary predicates) and
the symbols C and U denote the usual set-theoretic inclusion and union, respectively. In a similar
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Fig. 1. A conceptual data model of a company information system.

way we read and represent the part of the EER diagram located below Organisational Unit; the only
new ingredient here is the circled d, indicating that the union is disjoint:

Department T OrganisationalUnit, OrganisationalUnit T Department L InterestGroup,
InterestGroup T OrganisationalUnit, Department M InterestGroup T L.

Here L denotes the empty set and N the set-theoretic intersection.

The entity Employee in Fig. 1 has three attributes: Name, which is a string, and Payroll Number
and Salary, both of which are integers. The attribute Payroll Number (underlined) is a key for the en-
tity Employee. In description logic, we can encode attributes by means of roles (binary predicates).
For example, to say that every employee has a salary, which is an integer number, we can represent
the attribute Salary by a role, salary, together with the concept inclusions

Employee T Fsalary, dsalary™ C Integer,

where dsalary denotes the domain of salary, and salary™ is the inverse of salary, so that dsalary™
is the range of salary. Then the fact that each individual has a unique salary attribute value can be
expressed by the concept inclusion

> 2salary C 1,

where > 2 salary stands for the set of all domain elements with at least two values of salary attached
to them (which must be empty according to this inclusion, i.e., salary is a functional role). The at-
tributes Payroll Number and Name are represented in a similar manner. The fact that Payroll Number
is a key for Employee can be encoded by the inclusion

> 2 payrollNumber— T 1.

Relationships are used to describe connections among objects from (possibly) different entities.
Works On, Member and Manages in Fig. 1 are binary relationships. The argument emp of Works On
is of type Employee in the sense that its values always belong to the entity Employee (in other words,
Employee participates in Works On as emp). Likewise, the argument act of Works On is of type
Project. In description logic, a binary relationship such as Works On can be represented by a role,
say, worksOn. If we agree that the first argument of worksOn corresponds to emp and the second to
act, then the domain of worksOn belongs to Employee and its range to Project:

JworksOn = Employee, dworksOn~ T Project.

The expression (3, o) labelling the argument act of Works On is a cardinality constraint meaning
that every element of the set Project participates in at least three distinct tuples in the relationship
Works On (each project involves at least three employees). This can be represented by the inclusion

Project © > 3worksOn™ . @))
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The expression (1, 1) labelling the argument prj of the relationship Manages means that each ele-
ment of Project participates in at least one and at most one (that is, exactly one) tuple in Manages,
which is represented by two inclusions:

Project © dmanages™, Project © < 1manages™ .

Relationships of arity greater than 2 are encoded by using reification [Calvanese et al. 2001]
(binary relationships can also be reified). For instance, to reify the binary relationship Works On,
we introduce a new concept name, say C-WorksOn, and two functional roles, emp and act, satisfying
the following concept inclusions:

C-WorksOn C demp, >2emp T 1, demp C C-WorksOn, demp~ T Employee, (2)
C-WorksOn C Hact, >2actC 1, Jact ©& C-WorksOn, Jact™ C Project. 3)

Thus, each element of C-WorksOn is related, via the roles emp and act, to a unique pair of elements
of Employee and Project. Cardinality constraints are still representable for reified relations, e.g., the
cardinality expressed by the formula (1) becomes

Project © > 3act™ . 4

Of the data modelling constructs not used in Fig. 1, we mention here relationship generalisation,
i.e., a possibility to state that one relationship is a subset of another relationship. For example, we
can state that everyone managing a project must also work on the project. In other words: Manages
is a sub-relationship of Works On, which can be represented in description logic as the role inclusion

manages T worksOn

if both relationships are binary and not reified. On the other hand, if both relationships are reified
then we need a concept inclusion between the respective reifying concepts as well as role inclusions
between the functional roles for their arguments:

C-Manages T C-WorksOn, pri C act, man C emp.

To represent database instances of a conceptual model, we use assertions such as Manager(bob)
for ‘Bob is a manager’ and manages(bob, cronos) for ‘Bob manages Cronos.’

As conceptual data models can be large and contain non-trivial implicit knowledge, it is important
to make sure that the constructed conceptual model satisfies certain quality properties. For example,
one may want to know whether it is consistent, whether all or some of its entities and relationships
are not necessarily empty or whether one entity or relationship is (not) subsumed by another. To
automatically check such quality properties, it is essential to provide an effective reasoning support
during the construction phase of a conceptual model.

We now define the reasoning problems formally, by giving the syntax and semantics of description
logics containing the constructs discussed above.

2.2. DL-Lite Logics
We start with the logic called DL-Liteﬁ({(), in the nomenclature of Artale et al. [2009a]. The lan-

guage of DL-Lite“bA({O, contains object names ag, a1, . . ., concept names Ay, A1, . .., and role names
Py, Py, ....Roles R, basic concepts B and concepts C of this language are defined by the grammar:
R == P, | P,
B == 1 | Ay | >4¢R,
C = B ‘ —|C ‘ Cl I CQ,

where ¢ is a positive integer represented in binary. A DL-Lite‘l',\(fol TBox, T, is a finite set of concept
inclusion axioms of the form

C; C Cs.
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An ABox, A, is a finite set of assertions of the form
Ag(ai), —Ag(a:), Py(ai, aj), =Py (as,a;).

Taken together, 7 and .A constitute the knowledge base (KB, for short) K = (T, A).

An interpretation T = (A%, -T) of this and other DL-Lite languages consists of a domain AT # ()
and an interpretation function - that assigns to each object name a; an element a7 € AZ, to each
concept name Ay, a subset A7 C AZ, and to each role name Py, a binary relation PF C AT x AT, As

in databases, we adopt the unique name assumption (UNA): af # aF for all i # j (note, however,
that OWL does not use the UNA). The role and concept constructs are interpreted in Z as follows:

(P)F = {(y.2) € AT x AT | (z,y) € P}, 1F =0,
(2qR)F = {ze AT [t{y e AT | (z,y) € BT} > q}, (=C)F = AT\ CF,
(C,nCy)E = cEncE,
where #.X denotes the cardinality of X . We use the standard abbreviations:
C1 UCy = =(=Cr N =Cy), T=-1, JdR = (>1R), <qR=-(>q+1R).

Concepts of the form < ¢ R and > ¢ R are called number restrictions, and those of the form 3R are
called existential concepts.
The satisfaction relation = is defined as expected:

IECICC,y iff CFCCF,

T Ag(a;) iff af € A7, T = Pylas,a;) iff (af,al) € PF,
T = -Ap(a;) iff of ¢ AL, T = -Py(a;,a;) iff (a%,ajz) ¢ PL.

A knowledge base K = (T, .A) is said to be satisfiable (or consistent) if there is an interpretation
T satisfying all the members of 7 and .A. In this case we write Z = K (as well as Z = T and
T = A) and say that 7 is a model of K (and of T and A). The satisfiability problem—given a
KB K, decide whether K is satisfiable—is the main reasoning problem we consider in this article.
Subsumption (given an inclusion C; T Cs and a TBox T, decide whether Z = CII - (121 for
every model Z of 7; or T |= C; T Cs in symbols) and concept satisfiability (given a concept C'
and a TBox T, decide whether there is a model Z of T such that C # @; or T = C C 1) are
reducible to satisfiability. For example, to check whether 7 |= C; C C3 we can construct a new
KBK = (TU{AC C,AC =Cs},{A(a)}) with a fresh concept name A, and check whether K
is not satisfiable.

The two sub-languages of DL—Lite{,\(fU, we deal with in this article are obtained by restricting the
Boolean operators on concepts. In DL-Lite,’c\,C,m TBoxes:' concept inclusions are of the form

Bl E BQ, Bl E _\Bg or _|Bl E BQ. (krom)
(Here and below B;, B> are basic concepts.) DL—Liteﬁ\O/re
By C Bs or BBy, C 1. (core)

As B; € = Bsisequivalentto BiMBs T 1, DL-Lite" isa sub-language of DL-LiteY. Although

core krom*

the Krom fragment does not seem to be more useful for conceptual modelling than DL-Lite,, ., we

shall see in Remark 3.2 that temporal extensions of DL—Litef,/om can capture some important tempo-
ral modelling constructs that are not representable by the corresponding extensions of DL-Lite,,),,.

Most of the constraints in the company conceptual model from Section 2.1 were represented

by means of DL-Lite!, concept inclusions. The only exceptions were the covering constraints

core

only uses concept inclusions of the form

4The Krom fragment of first-order logic consists of formulas in prenex normal form whose quantifier-free part is a conjunc-
tion of binary clauses.
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Table I. Complexity of the DL-Lite logics.

concept role inclusions
inclusions |y jteN | pL-Lite*N) | DL-Lite?V
Bool NP NP EXPTIME
Krom NLOGSPACE | NLOGSPACE EXPTIME
core NLOGSPACE | NLOGSPACE EXPTIME

Manager T AreaManager Ll TopManager and OrganisationalUnit C Department LI InterestGroup,
which belong to the language DL-Lite,,,,;, and the role inclusion manages T worksOn. The ex-
tra expressive power, gained from the addition of covering constraints to DL—LitefX,e, comes at a
price [Artale et al. 2007b]: the satisfiability problem is NLOGSPACE-complete for DL-Lite‘c’Xre and
DL-Lite), KBs and NP-complete for DL-Lite). , KBs.

The straightforward extension of DL-Lit with role inclusions of the form

Ri C Ry, (with TE=R, CR, iff Rf CRY)

leads to an even higher complexity: satisfiability becomes EXPTIME-complete [Artale et al. 2009a].
The reason for this is the interaction of functionality constraints and role inclusions such as

R1 ERQ and ZQRQEJ_.

Note that inclusions of this sort are required when we use relationship generalisation with reification
(see Section 2.1). If we restrict this interaction in TBoxes 7 by requiring that no role R can occur
in 7 in both a role inclusion of the form R’ T R and a number restriction > ¢ R or > q R~
with ¢ > 2, then the complexity of satisfiability checking with such TBoxes matches that of the
language without role inclusions. The extension of DL-Liteﬁf , where a € {core, krom, bool}, with
role inclusions satisfying the condition above is denoted by DL-Lite(aHN ), without this condition,
the extension is denoted by DL-Lite?jN . Table I summarises the complexity of the KB satisfiability
problem for DL-Lite logics (for details, consult [Artale et al. 2009a]).

Thus, already in the atemporal case, a conceptual data model engineer has to search for a suitable
compromise between the expressive power of the modelling language and efficiency of reasoning. In
the temporal case, the trade-off between expressiveness and efficiency becomes even more dramatic.

In the next section, we extend the atemporal conceptual data model considered above with a
number of temporal constructs and use them to design a family of temporal description logics that
are suitable for temporal conceptual modelling.

3. TEMPORAL CONCEPTUAL MODELLING AND TEMPORAL DESCRIPTION LOGIC

Temporal conceptual data models extend standard conceptual schemas with means to visually rep-
resent temporal constraints imposed on temporal database instances [Theodoulidis et al. 1991; Tau-
zovich 1991; Jensen and Snodgrass 1999; Artale et al. 2003; Parent et al. 2006; Combi et al. 2008].

When introducing a temporal dimension into conceptual data models, time is usually modelled
by a linearly ordered set of time instants, so that at each moment of time we can refer to its past and
future. In this article, we assume that the flow of time is isomorphic to the strictly linearly ordered
set (Z, <) of integer numbers. (For a survey of other options, including interval-based and branching
models of time, consult, e.g., [Gabbay et al. 1994; Gabbay et al. 2000; Gabbay et al. 2003].)

We will now introduce the most important temporal conceptual modelling constructs by extend-
ing the company information system example from Section 2.1.

3.1. The Motivating Example Temporalised

A basic assumption in temporal conceptual models is that entities, relationships and attributes may
freely change over time as long as they satisfy the constraints of the schema at each time instant.
Temporal constructs are used to impose constraints on the temporal behaviour of various com-

ACM Transactions on Computational Logic, Vol. 15, No. 3, Article 25, Publication date: June 2014.



A Cookbook for Temporal Conceptual Data Modelling with Description Logics 25:9
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Fig. 2. A temporal conceptual model of a company information system.

ponents of conceptual schemas. We group these constructs into three categories—timestamping,
evolution and temporal cardinality constraints—and illustrate them by the model in Fig. 2.

Timestamping constraints [Theodoulidis et al. 1991; Gregersen and Jensen 1998; 1999; Finger
and McBrien 2000; Artale and Franconi 1999; Parent et al. 2006] distinguish between entities,
relationships and attributes that are

— temporary in the sense that no element belongs to them at all moments of time,
— snapshot, or time-invariant, in the sense that their interpretation does not change with time,
— unconstrained (all others).

In temporal entity-relationship diagrams, the temporary entities, relationships and attributes are
marked with T and the snapshot ones with S. In Fig. 2, Employee and Department are snapshot
entities, Name, Payroll Number and Project Code are snapshot attributes and Member a snapshot
relationship. On the other hand, Manager is a temporary entity, Salary a temporary attribute, and
Works On a temporary relationship.

There are (at least) two ways of representing timestamping constraints in temporal description
logics. One of them is to introduce special names for temporary and snapshot concepts and roles,
and interpret them accordingly. Another way is to employ a femporal operator &, which is read
as ‘always’ or ‘at all—past, present and future—time instants. Intuitively, for a concept C, B ('
contains those elements that belong to C' at all time instants. Using this operator, the constraints
‘Employee is a snapshot entity’ and ‘Manager is a temporary entity’ can be represented as follows:

Employee T B Employee, ®Manager T L.

The first inclusion says that, at any moment of time, every element of Employee has always been
and will always be an element of Employee. The second one states that no element can belong to
Manager at all time instants. Note that both of these concept inclusions are meant to hold globally,
that is, at all moments of time.

The same temporal operator & together with rigid roles (i.e., roles that do not change over time)
can be used to capture timestamping of reified relationships. If the relationship Member is reified
by the concept C-Member with two functional roles org and mbr, satisfying the concept inclusions
similar to (2) and (3), then the requirement that both roles org and mbr are rigid ensure that Member
is a snapshot relationship. On the other hand, for the reified temporary relationship Works On we
require the concept inclusion

®C-WorksOn T 1

and two flexible roles emp and act, which can change arbitrarily. Rigid roles are also used to repre-
sent both snapshot attributes and snapshot binary relationships. Temporary attributes can be captured
by flexible roles or by using temporalised roles:

& salary C L,
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where E salary denotes the intersection of the relations salary at all time instants.

Evolution constraints control how the domain elements evolve over time by ‘migrating’ from one
entity to another [Hall and Gupta 1991; Mendelzon et al. 1994; Su 1997; Artale et al. 2007¢]. We
distinguish between qualitative evolution constraints that describe generic temporal behaviour but
do not specify the moment of migration, and quantitative evolution (or transition) constraints that
specify the exact moment of migration. The dashed arrow marked with TEX (Transition EXtension®)
in Fig. 2 is an example of a quantitative evolution constraint meaning that each project expires in
exactly one time unit (one year) and becomes an instance of ExProject. The dashed arrow marked
with DEV (Dynamic EVolution) is a qualitative evolution constraint meaning that every area manager
will eventually become a top manager. The DEX™ (Dynamic EXtension) dashed arrow says that
every manager was once an employee, while the PEX (Persistent EXtension) dashed arrow means
that a manager will always be a manager and cannot be demoted.

In temporal description logic, these evolution constraints are represented using temporal operators
such as ‘at the next moment of time’ O, ‘sometime in the future’ &, ‘sometime in the past’ <p
and ‘always in the future’ Oj:

Project T OpExProject, AreaManager OrTopManager,

C
C

Manager T $pEmployee, Manager O-Manager.

Again, these concept inclusions must hold globally. In the following, the evolution constraints that
involve < and <p will be called migration constraints.

Temporal cardinality constraints [Tauzovich 1991; McBrien et al. 1992; Gregersen and Jensen
1998] restrict the number of times an instance of an entity participates in a relationship. Snapshot
cardinality constraints do that at each moment of time, while /ifespan cardinality constraints impose
restrictions over the entire existence of the instance as a member of the entity. In Fig. 2, we use
(k, 1) to specify the snapshot cardinalities and [k, [] the lifespan cardinalities: for example, at any
moment, every top manager manages exactly one project, but not more than five different projects
over the whole career. If the relationship Manages is not reified and represented by a role in temporal
description logic then these two constraints can be expressed by the following concept inclusions:

TopManager T dmanages M < 1 manages, TopManager © < 5 ®manages,

where ¢ means ‘sometime’ (in the past, present or future), and so ®manages is the union of the
relations manages over all time instants. Snapshot and lifespan cardinalities can also be expressed
in a similar way even for reified relationships (see, e.g., (4) which captures snapshot cardinalities).
Observe that the above inclusions imply, in particular, that no one can remain a top manager for
longer than five years (indeed, each top manager manages at least one project a year, each project
expires in a year, and no top manager can manage more than five projects throughout the lifetime).
However, this is inconsistent with ‘every manager always remains a manager’, and so the entity
Manager cannot be populated by instances, which, in turn, means that Project must also be empty
(since each project is managed by a top manager). One can make these entities consistent by, for
example, dropping the persistence constraint on Manager or the upper lifespan cardinality bound
on the number of projects a top manager can manage throughout the lifetime. In large schemas,
situations like this can easily remain undetected if the quality check is performed manually.

To represent temporal database instances, we use assertions like Or Manager(bob) for ‘Bob was
a manager last year’ and Ormanages(bob, cronos) for ‘Bob will manage Cronos next year.’

3.2. Temporal DL-Lite Logics

It is known from temporal logic [Gabbay et al. 1994] that all the temporal operators used in the pre-
vious section can be expressed in terms of the binary operators S ‘since’ and U/ ‘until’ (details will
be given below). So we formulate our ‘base’ temporal extension TugDL—Lite'l',\O/O, of the description

5We refer to [Artale et al. 2010] for a detailed explanation of the various evolution constraints and their naming convention.
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logic DL-Lite{,\({(,, using only these two operators. The language of TugDL-Lite,’,\(fol contains object

names ag, a1, . . . , concept names Ag, A1, . . ., flexible role names Py, Py, . . ., and rigid role names
Go,G1, . ... Role names S and roles R are defined by taking
S ==PF | G; and R == S| S

We say R is a rigid role if it is of the form G; or G, for a rigid role name G;. Basic concepts B,
concepts C and temporal concepts D are given by the following grammar:

B =11 A | >¢R,

O:Z:BlD ‘ —\C|01|_|C2,

D =C | 01UCQ| 01802,
where, as before, ¢ is a positive integer given in binary. (We use two separate rules for C' and D here
because in the definitions of the fragments of TMSDL-Lite’,/,\(fol below these rules will be restricted to

the corresponding sub-Boolean and temporal fragments.) A TMSDL—Lite’ZL\O/DI TBox, T, is a finite set
of concept inclusions of the form C; C Cs. An ABox, A, consists of assertions of the form

O™ Ak(a;), O"—Ag(a;), O"S(ai,a;) and O"=S(a;,a ),

where Ay, is a concept name, S a (flexible or rigid) role name, a;, a; object names and, for n € Z,

O"=0p O, ifn>0, and O" =0Op---Op, ifn <0.
N—— NS——
n times —n times

Note that we use O™ as an abbreviation and take the size of O™ to be n (in other words, the numbers
n in ABox assertions are given in unary). Taken together, the TBox 7 and ABox A form the
knowledge base (KB) K = (T, A).

A temporal interpretation is a pair T = (AZ,-T("), where A7 is a non-empty interpretation
domain and Z(n) gives a standard DL interpretation for each time instant n € Z:

I(n) = (A% ak,..., A3, . P GE ).

We assume, however, that the domain AZ and the interpretations aiI e AT of object names and
G% C AT x AT of rigid role names are the same for all n € Z. (For a discussion of the constant
domain assumption, consult [Gabbay et al. 2003]. Recall also that we adopt the UNA.) The inter-
pretations AZ™ C AT of concept names and P € AT x AT of flexible role names can vary.
The atemporal constructs are interpreted in Z(n) as before; we write CT(™) for the extension of C'
in Z(n). The interpretation of the temporal operators is as follows:

@ueyr = J@¥n N ),

k>n n<m<k
(C18C)* ™ = | J(e3™n ) ci™).
k<n n>m>k

Thus, for example, z € (Cy U Cy)*(™) iff there is a moment & > n such that z € C7) and
x € CF™), for all moments m between n and k. Note that the operators S and U (as well as
the O and < operators to be defined below) are ‘strict’ in the sense that their semantics does not
include the current moment of time. The non-strict operators, which include the current moment,
are obviously definable in terms of the strict ones.

As noted above, for the aims of TCM it is enough to interpret concept inclusions in Z globally:

IEC CC iff ¢f™ cof™ foralineZ.
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ABox assertions are interpreted relatively to the initial moment, 0. Thus, we set:

T = O"A(a;) iff af € AT™, Tk O"S(as,a) iff (af,af) e ST,
IO Apa) iff of ¢ A;™, I O"S(aia;) iff (af,a?) ¢ ST,

We call Z a model of a KB K and write Z |= KC if Z satisfies all elements of K. K is satisfiable if it
has a model. A concept C (role R) is satisfiable with respect to K if there are a model Z of K and
n € 7Z such that CT(") =£ () (respectively, RZ(") = ()). It is readily seen that the concept and role
satisfiability problems are equivalent to KB satisfiability.

We now define a few fragments and extensions of the base language TMSDL-Litei\({Ol. Recall that
to say that C' is a snapshot concept, we need the ‘always’ operator & with the following meaning:

@c)rm = ﬂ Tk
keZ
The dual operator ‘sometime’ is defined as usual: ®C' = ~E-C. In terms of S and U/, it can be

represented as ®C' = TU (T SC). Define TUDL-Lite{]\({O, to be the sublanguage of TMSDL-LitGL\,{Ol
the temporal concepts D in which are of the form

D == C | BC. )

Thus, in TUDL—thei\(CO,, we can express timestamping constraints (see Section 3.1).
The temporal operators < (‘sometime in the future’) and <p (‘sometime in the past’) that are
required for qualitative evolution constraints with the standard temporal logic semantics

(©:C)F = | J ™ and (0,0)' = | ] C*W
k>n k<n

can be expressed vialf and S as OC = T U C and O,C = T S C; the operators O, (‘always
in the future’) and O, (‘always in the past’) are defined as dual to O and Op: 0,C = =Op-C
and O,C = =<Cp—C. We define the fragment TFpDL-Litef,\gol of Ty sDL-Litey,,,; by restricting the
temporal concepts D to the form

00l

D == C | 0.C | G:C. (FP)
Clearly, we have the following equivalences:
BC =00C and &C = O,.0:C.

In what follows, these equivalences will be regarded as definitions for & and ¢ in those languages
where they are not explicitly present. Thus, TFpDL—Lite{,\({U, is capable of expressing both time-
stamping and qualitative (but not quantitative) evolution constraints.

The temporal operators O (‘next time’) and O, (‘previous time’), used in quantitative evolution
constraints, can be defined as O,C = L. U C and O,C = 1 S C, so that we have

(OFC)I(n) _ CI(n+1) and (OPC)I(n) _ CI(nfl).
The fragment of TMSDL-Litei\G[D, with temporal concepts of the form
D = C | G:C | G.C | O:C | OC (FPX)

will be denoted by TFPXDL-Lite{,\(fU,. In this fragment, we can express timestamping, qualitative and
quantitative evolution constraints.
Thus, we have the following inclusions between the languages introduced above:

TyDL-Lite),, C TgpDL-Lite),, C TgpxDL-Lite),, C TysDL-Lite),.
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Similarly to the atemporal case, we can identify sub-Boolean fragments of the above languages.
A temporal TBox is called a Krom or a core TBox if it contains only concept inclusions of the form

Dy C D, Dy E =Ds, —D1 E Do, (krom)
D1 CE Dy, DDy E 1, (core)
respectively, where the D, are temporal concepts defined by (FPX), (FP) or (U) with
C == B | D.

Note that no Boolean operators are allowed in the D;. This gives us 6 fragments: Tppx DL-LiteJa\[ s
TepDL-Lite) and Ty DL-LiteY , for a € {core, krom}.

Remark 3.1. We do not consider the core and Krom fragments of the full language with since
(S) and until (/) because, as we shall see in Section 4.4 (Theorem 4.5), these operators allow one
to go beyond the language of binary clauses of the core and Krom fragments, and the resulting
languages would have the same complexity as TUSDL-Lite}/,\(fol (but less expressive).

Remark 3.2. The introduced fragments of the full language TMSDL—Lite',',\gD, do not contain <p
and <. Both operators, however, can be defined in the Krom and Bool fragments. For example, the
concept inclusion $p By C < By can be represented by means of the inclusions

DFAQ E DPAl and A,L E _‘Bi; _‘Bi E Ai, fori = 1,2

In the core fragments, where we do not have negation in the left-hand side, this trick does not work.
Therefore, evolution constraints involving <p or & (such as Manager T <pEmployee) are not
expressible in the core fragments (but timestamping remains expressible).

As we have seen in our running example, in order to express lifespan cardinality constraints,
temporal operators on roles are required. For a role R of the form

R =S| S | R | HER,
we define the extensions of © R and & R in an interpretation Z by taking

(®R*™ = | JR*™™ and (BR)*™ = (| R*®.
kEZ kezZ

In this article we consider three extensions of DL-Litef}\,{ol with such temporalised roles, which are
denoted by Tj;DL-Litep,,, for f € {X,FP, U}, where Ty DL-Lite}y,; allows only O, Oy as the
temporal operators on concepts.

We can also extend our languages with role inclusions, which are interpreted globally (in the
same way as concept inclusions):

IER CRy iff RF™ CRI™, forallneZ.

These extensions are denoted by TMSDL—LiteZ'éﬁ,/ , TFpDL-Liteg?;Z\/), etc.

In the remaining part of the article, we investigate the computational complexity of the satisfia-
bility problem for the temporal extensions of the DL-Lite logics designed above. But before that we
briefly summarise the obtained results in the more general context of temporal description logics.

3.3. Summary of the Complexity Results and Related Work

The temporal DL-Lite logics we analyse here are collected in Table II together with the obtained
and known complexity results. (Note that the complexity bounds in Table II are all tight except the
case of TppDL-Lite,,,,, where we only have an upper bound.) To avoid clutter, we omitted from the
table the logics of the form T/gDL—LitegLN ), whose complexity is the same as the complexity of the
respective TBDL—theQ[ .

The analysis of the constructs required for temporal conceptual modelling in Sections 2.1 and 3.1
has led us to temporalisations of DL-Lite logics, interpreted over the Cartesian products of object
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Table Il. Complexity of the temporal DL-Lite logics.

concept temporal constructs
inclusions U/S, O /Op, O /Op @ Or/Op
TyusDL-Lite),,  pSpack . NP . NP
Bool TepxDL-Lite)  Thm. 4.4 TrpDL-Lite)l ppn“y | TuDLLitell, 0% o
; NP : NP ; NLOGSPACE
Krom Trpx DL-Lite),, qun 47 | TrpDL-Litey,, o 5F o | TyDL-Lity,, 5090
core Tppx DL-Litely, o NP o TppDL-Litel,, S PTME | Ty DL-Lite,  NLogseace
temporalised * DT T undec. * I undec. « Y T i NP
roles TiDL-Lites  mumg1 | TrpPlLitho  quney | TOPLLiehy  qpm’es
unrestricted undec. undec. 2EXPTIME
role TysDL-Lite]*Y  [Gabbay TrpDL-Lite}:\  [Gabbay T;; DL-Lite}:" [Artale et al.
inclusions et al. 2003] et al. 2003] 2007d]

@ Sub-Boolean fragments of the language with I/ /S are not defined (see Remark 3.1).

domains and the flow of time (Z, <), in which (1) the future and past temporal operators can be ap-
plied to concepts; (2) roles can be declared flexible or rigid; (3) the ‘undirected’ temporal operators
‘always’ and ‘sometime’ can be applied to roles; (4) the concept and role inclusions are global, and
the database (ABox) assertions are specified to hold at particular moments of time.

The minimal logic reﬁuired to capture all of the temporal and static conceptual modelling con-
straints is T;PXDL—LitebOf,\,/ ; alas, it is undecidable. In fact, even the logic T;‘(DL—Litel/,\O/g,, capturing
only the quantitative evolution constraints, lifespan cardinalities and covering, is undecidable. Re-
placing ‘quantitative’ with ‘qualitative’—i.e., considering T;pDL-Litef]\,{o,—does not beat undecid-
ability in the presence of lifespan cardinalities. Both these undecidability results will still hold if
we replace arbitrary cardinality constraints (A') with role functionality. To regain decidability in the
presence of temporalised roles, we have to limit the temporal operators on concepts to the undirected
operators ¢/ EB—thus restricting the language to only timestamping and lifespan cardinalities. We
show that the logic T;; DL-Lite;,,, is NP-complete using the quasimodel technique.

Logics in the last row have arbitrary role inclusions, which together with functionality constraints
are expressive enough to model all ALC constructors [Artale et al. 2007a; Artale et al. 2009a], and
so the resulting TDLs are as complex as the corresponding temporal extensions of ALC.

On a positive note, logics with restricted role inclusions and no temporal ojgferators on roles ex-
hibit much better computational properties. Our smallest logic, TUDL—LiteC(_f,'fe ), is NLOGSPACE-
complete. In the temporal dimension, it can only express timestamping constraints. It can also cap-
ture all the static constraints that are different from covering and do not involve any interaction
between role inclusions and number restrictions. Extending the language with covering leads to the
loss of tractability in TUDL—the[(7 ool ) When covering is not needed and we are interested in tempo-
ral constraints different from lifespan cardinalities, we can regain tractability if we restrict the lan-
guage to timestamping and evolution constraints that only capture persistence ( TFpDL—Litef.ijv ).
If we also require migration constraints (that involve $p and <p; see Remark 3.2) then we can use
the Krom language TFPDL-Lite,EZ;[m ), which is again NP-complete. Surprisingly, the addition of the
full set of evolution constraints makes reasoning NP-complete even in TFPXDL—LiteL(_f,'fj\/ )

To better appreciate the formalisms designed in this article, we consider them in a more gen-
eral context of temporal description logics (for more detailed surveys, consult [Artale and Franconi
2001; 2005; Gabbay et al. 2003; Lutz et al. 2008]). Historically, the first temporal extensions of
DLs were interval-based [Schmiedel 1990]. Bettini [1997] considered interval-based temporal ex-
tensions of ALC in the style of Halpern and Shoham [1991] and established their undecidability.
Artale and Franconi [1998] gave a subclass of decidable interval-based temporal DLs.
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Numerous point-based temporal DLs have been constructed and investigated since Schild’s semi-
nal paper [1993]. One of the lessons of the 20-year history of the discipline is that logics interpreted
over two- (or more) dimensional structures are very complex and sensitive to subtle interactions
between constructs operating in different dimensions. The first TDLs suggested for representing
TCMs were based on the expressive DLs DLR and ALC Q7 [Artale and Franconi 1999]. However,
it turned out that already a single rigid role and the operator <, (or O) on ALC-concepts led to un-
decidability [Wolter and Zakharyaschev 1999]. In fact, to construct an undecidable TDL, one only
needs a rigid role and three concept constructs: I, 3R.C and <y, that is, a temporalised £L [Artale
et al. 2007c]. There have been several attempts to tame the bad computational behaviour of TDLs
by imposing various restrictions on the DL and temporal components as well as their interaction.

One approach was to disallow rigid roles and temporal operators on roles, which resulted in
EXPSPACE-complete temporalisations of ALC [Artale et al. 2002; Gabbay et al. 2003]. Such tem-
poralisations reside in the monodic fragment® of first-order temporal logic [Hodkinson et al. 2000],
for which tableau [Lutz et al. 2002; Kontchakov et al. 2004] and resolution [Degtyarev et al. 2006]
reasoning algorithms have been developed and implemented [Hustadt et al. 2004; Guensel 2005;
Ludwig and Hustadt 2010]. Another idea was to weaken the whole temporal component to the
‘undirected’” temporal operators & and ¢ (which cannot discriminate between past, present and fu-
ture) on concepts and roles, resulting in a 2EXPTIME-complete extension of ALC [Artale et al.
2007d]. The third approach was to allow arbitrary temporal operators on ALC axioms only (but not
on concepts or roles) [Baader et al. 2008; 2012], which gave an EXPTIME-complete logic. The addi-
tion of rigid concepts to this logic increases the complexity to NEXPTIME, while rigid concepts and
roles make it 2EXPTIME-complete. Finally, the fourth approach, which dates back to Schild [1993],
was to use only global axioms. In this case, ALC with temporal operators on concepts is EXPTIME-
complete, which matches the complexity of ALC itself (in contrast, temporal operators on axioms
and concepts make the less expressive DL-Litey,,; EXPSPACE-complete [Artale et al. 2007c]).

As argued above, global axioms are precisely what we need in TCM. On the other hand, to capture
timestamping and evolution constraints we need the full set of temporal operators on concepts,
while to capture lifespan cardinalities and timestamping on relations we need temporalised or rigid
roles. To achieve decidability in the case with rigid roles, we also weaken ALC to DL-Lite, which,
as we have seen above, perfectly suits the purpose of conceptual modelling. We thus start from
the first promising results of Artale et al. [2009b], which demonstrated that even with rigid roles
temporal extensions of DL—Litei\o/(,, could be decidable, and extend them to various combinations
of temporal operators and different sub-Boolean fragments of DL—Lite{,\gol, proving encouraging
complexity results and showing how these logics can represent TCM schemas.

The results in the first three rows of Table II are established by using embeddings into the propo-
sitional temporal logic P7 L. To cope with the sub-Boolean core and Krom logics, we introduce,
in Section 5, a number of new fragments of P7T L by restricting the type of clauses in Separated
Normal Form [Fisher 1991] and the available temporal operators. The obtained complexity classifi-
cation in Table III helps understand the results in the first three rows of Table II.

4. REDUCING TEMPORAL DL-LITE TO PROPOSITIONAL TEMPORAL LOGIC

In this section we reduce the satisfiability problem for TUSDL-Lite{,\{{ol KBs to the satisfiability
problem for propositional temporal logic. This will be achieved in two steps. First, we reduce
TUSDL—Liteﬁgo, to the one-variable first-order temporal logic oT Ll [Gabbay et al. 2003]. And then
we show that satisfiability of the resulting Q7 £'-formulas can be further reduced to satisfiability of
QT L£!'-formulas without positive occurrences of existential quantifiers, which are essentially propo-
sitional temporal formulas. To simplify presentation, we consider here the logic TuSDL-Lite{,\(fol
(without role inclusions). The full T;ysDL-Lite,, ;" ’ requires a bit more elaborate (yet absolutely
routine) reduction that is similar to the one given by Artale et al. [2009b] for the atemporal case.

6 A temporal formula is monodic if all of its sub-formulas beginning with a temporal operator have at most one free variable.
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4.1. First-Order Temporal Logic

The language of first-order temporal logic QT L contains predicates Py, Py, ... (each with its arity),
variables xq, x1, ... and constants ag, a1, . . .. Formulas ¢ of QT L are defined by the grammar:

o u= Pi(ti,... tr,) | L | Yo | mp | o1 A@e [o1Uea | 018 ¢,

where k; is the arity of P; and the t; are terms—i.e., variables or constants. These formulas are
interpreted in first-order temporal models M, which, for every n € Z, give a first-order structure

M(n) = (A™ o, a?, . .. ,Pém’”,me’” o)

with the same domain A™, the same a';-m € A, for each constant a;, and where P;m’" is a k;-ary
relation on A™, for each predicate P; of arity k; and each n € Z. An assignment in 9 is a function,
a, that maps variables to elements of A" For a term ¢, we write ™ for a(z) if t = x, and for a™

if t = a. The semantics of Q7 L is standard (see, e.g., [Gabbay et al. 2003]):

M,n = Pty,... t) iff (3™, .. 107 e PP,

M,on £ L,

M,n =" Vee iff Mn |:“/ ¢, for all assignments a’ that differ from a on z only,

M,n ="~ iff M n E @,

M,n =" o1 Ape iff DM,n = o1 and M, n E* pa,

Mn = o1 U o iff thereis k > n with M, k E* po and M, m E=* 1, forn <m < k,
Mon = o1 Sy iff thereis k < n with M, k =* po and M, m E° ¢, for k <m < n.

We use the standard abbreviations such as

T=-1, 1V 2 = 2(—p1 A ), Az =~V g,
Cpp=TU ¢, Orp = =Opp, Orp=1Up

as well as the past counterparts for ¢p, Op and Op; we also write B ¢ for OOy .

If a formula ¢ contains no free variables (i.e., ¢ is a sentence), then we omit the valuation a in
M, n = ¢ and write M, n = . If ¢ has a single free variable x, then we write 9, n = ¢[a] in
place of M, n = ¢ with a(z) = a.

A Q'TL‘l-formula is a QT L-formula which is constructed using at most one variable. Satisfia-
bility of Q7 £'-formulas is known to be EXPSPACE-complete [Gabbay et al. 2003]. In the propo-
sitional temporal logic, PT L, only O-ary predicates (that is, propositional variables) are allowed.
The satisfiability problem for P7T L-formulas is PSPACE-complete [Sistla and Clarke 1982].

4.2. Reduction to 97 "
Given a TysDL-Litely,,, KB K = (T, .A), let ob 4 be the set of all object names occurring in .4 and

00l
rolex: the set of rigid and flexible role names occurring in X and their inverses.

In our reduction, objects a € ob_4 are mapped to constants a, concept names A to unary predicates
A(x), and number restrictions > ¢ R to unary predicates E, R(x). Intuitively, for a role name .S, the
predicates E,S(x) and E,S~(z) represent, at each moment of time, the sets of elements with at
least ¢ distinct S-successors and at least ¢ distinct S-predecessors; in particular, F1.5(x) can be
thought of as the domain of S and 1S~ (z) as the range of S. By induction on the construction of

a TysDL-Lite), concept C, we define the QT £ -formula C* (z):
A = A(z), 1* =1, (> q¢R)" = E4R(x),
(CLUC)*=CTUC;, (C1S8C)*=CTS8C5, (CiNCy)* =CiNC;5, (-C)" =-=C*.

It can be easily seen that the map -* commutes with all the Boolean and temporal operators: e.g.,
(OpC)* = ©pC*. For a TBox T, we consider the following sentence, saying that the concept
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inclusions in 7 hold globally:

T = A\ 8z (Ci(x) = C5(x)).
C1EC2eT

In the translation above, we replaced binary predicates (i.e., roles) by collections of unary predicates,
the F,R(z). Clearly, we have to ensure that these predicates behave similarly to the respective
number restrictions. In particular, the following three properties trivially hold in TMSDL—Lite,/,‘Ufol
interpretations, for all roles R at all moments of time:

— every point with at least ¢’ R-successors has at least ¢ R-successors, for each ¢ < ¢’;

— if R is arigid role, then every point with at least ¢ R-successors at some moment has at least g
R-successors at all moments of time;

— if the domain of a role is not empty, then its range is not empty either.

These conditions can be encoded by the following Q7 £'-sentences:

A A EVe((zd R)@) (2 qR) (@), (5)
Rerolex q,q' €Q7 with ¢’ >q
A /\ B V2 ((= ¢R)* () - B(> ¢ R)*(x)), (6)
Rerolex isrigid  qeQT
A\ ®(EzER)*(z) —» 3z (Ginv(R))*(2)), (7
Rerolex

where Q7 is the set containing 1 and all the numbers ¢ such that > ¢ R occurs in T, and inv(R) is
the inverse of R, i.e., inv(S) = S~ and inv(S~) = S, for arole name S. As we shall see later, these
three properties are enough to ensure that the real binary relations for roles .S in TMSDL—Lite{?‘(fa, can
be reconstructed from the collections of unary predicates E,S(z) and E,S~ (z) satisfying (5)—(7).

It is easy to extend the above reduction to ABox concept assertions: take O™ A(a) for each
O"A(a) € A, and O"—A(a) for each O"—A(a) € A. However, ABox role assertions need a
more elaborate treatment. For every a € ob g, if a has ¢ R-successors in .4 at moment n—i.e.,
O"R(a,b1),...,0"R(a,bq) € A, for distinct by, . . ., bg—then we include (O™ > ¢ R)*(a) in the
translation of .A. When counting the number of successors, one has to remember the following prop-
erty of rigid roles S: if an ABox contains O™ S(a, b) then O™S(a, b) holds for all n € Z, and so
O™S(a, b) contributes to the number of S-successors of a and S~ -successors of b at each moment.

In what follows, we assume that A contains O™S~ (b, a) whenever it contains O™S(a, b). For
each n € Z and each role R, we define the temporal slice AL of A by taking

AR _ {R(a,b) | O™R(a,b) € Aforsomem € Z}, R isarigidrole,
" {R(a,b) | O"R(a,b) € A}, R is a flexible role.

The translation A" of the TugDL-Lite{,\(fU, ABox A is defined now by taking
Al= Ao"d(@) A AO"-Al@ A AO"EdinR) (@) A N L

omA(a)eA on—A(a)eA o™ R(a,b)eA o"-S(a,b)eA
S(ab)eAs

,n

where qﬁ(a) is the number of distinct R-successors of a in A at moment n:

qf’(z) =max{q € Q7 | R(a,b1),...,R(a,by) € AR for distinct by, . . . ,be}
We note that A" can be effectively computed for any given K because we need temporal slices AF
only for those n that are explicitly mentioned in A4, i.e., those n with O™ R(a, b) € A.

Finally, we define the OT L -translation KT of K = (T, A) as the conjunction of 77T, A" and
formulas (5)—(7). The size of 71 and A" does not exceed the size of 7 and .4, respectively. The size
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of (6) and (7) is linear in the size of T, while the size of (5) is cubic in the size of 7 (though it can
be made linear by taking account of only those ¢ that occur in > ¢ R, for a fixed R, and replacing
g’ > q in the conjunction index with a more restrictive condition ‘¢’ > ¢ and there is no ¢ € Q1
with ¢’ > ¢” > ¢’; for details, see [Artale et al. 2009a]).

The main technical result of this section is that C and KT are equisatisfiable; the proof (based on
the unravelling construction) is given in Appendix A.

THEOREM 4.1. A TMSDL—Litef,\(fol KB K is satisfiable iff the QT L' -sentence KT is satisfiable.

Meanwhile, we proceed to the second step of our reduction.

4.3. Reduction to P7 L

Our next aim is to construct a P77 £-formula that is equisatisfiable with KT, First, we observe that
Kt can be represented in the form Kto A N Rerolex YR, where

Klo = @Vze(z) A ¥ and U =B Vz ((3R)*(z) — Iz (Jinv(R))*(x)),

for a quantifier-free first-order temporal formula ¢(x) with a single variable = and unary predicates
only and a variable-free formula ¢). We show now that one can replace ¥y by a formula without
existential quantifiers. To this end we require the following lemma:

LEMMA 4.2. For every TUSDL-Lite‘,;\(fol KB K, if there is a model I satisfying KT such that
M, ng = (IR)*[d], for some ng € Z and d € A™, then there is a model MM’ extending M with new

elements and satisfying KT such that, for eachn € Z, there is d,, € A™ with9',n = (3R)*[d,,].

PROOF. Consider a new model M with domain A™ U ({d} x Z) by setting
BY.n _ pMin {(d7 k)|de B™"F ke Z}, for each B of K° and n € Z.

In other words, 9 is the disjoint union of 99t and copies of d ‘shifted’ along the timeline by k
steps, for each k € Z. It follows that, at each moment n € Z, the element (d,n — ng) belongs to
(3R)*, thus making (3R)* non-empty at all moments of time. Moreover, M, 0 = KT because
o (x) expresses a property of a single domain element and holds at each moment of time, ¢ depends
only on the part of the model that corresponds to constants (and which are interpreted as in 91). O

Next, for each R € rolex, we take a fresh constant dr and a fresh propositional variable pg
(recall that inv(R) is also in rolex), and consider the following QT £}-formula:

K:i = K:TO A /\RGrOIE)c 19/37 where ﬁlR = Bz ((HR)*(:E) - pR) A (pi”V(R) - (HR)*(dR))
(Pinv(r) and pg indicate that inv(R) and R are non-empty whereas dr and dinv(r) Witness that at 0).

LEMMA 4.3. A TysDL-Lite),, KB K is satisfiable iff the QT L*-sentence K is satisfiable.

PROOF. (=) If K is satisfiable then, by Theorem 4.1 and repeated application of Lemma 4.2,
Ko is satisfied in a model 91 such that, for each R € rolex, the predicates (3R)* and (Jinv(R))*
are either both empty at all moments of time or both non-empty at all moments of time. To satisfy
the V', for R € rolex, we extend 9 to M’ as follows: if (3R)* and (Jinv(R))" are non-empty, we
set ppy ™ to be true at all n € Z, and take dp to be an element in ((IR)*)™"0; otherwise, we set

pf])); % {0 be false and take some domain element as d r. It follows that ', 0 |= K.
(<=) Conversely, suppose 91,0 = K. By repeated application of Lemma 4.2, Ko is satisfied
in a model 91’ such that, for each R € roley, the predicates (3R)* and (Jinv(R))* are either both

empty at all moments of time or both non-empty at all moments of time. It follows that V', 0 = ¥r
for all R € rolex, and so 9,0 = K. O
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Finally, as K contains no existential quantifiers, it can be regarded as a propositional temporal
formula because all the universally quantified variables can be instantiated by all the constants in
the formula (which only results in a polynomial blow-up). Observe also that the translation -+ can be
done in logarithmic space in the size of C. This is almost trivial for all conjuncts of K apart from
(> Q§Eg) R)*in AT, where the numbers can be computed using a LOGSPACE-transducer as follows:

initially set ¢ = 0; then enumerate all object names b; in A incrementing ¢ for each R(a,b;) € A%
and stop if ¢ = max Q7 or the end of the object names list is reached; let qﬁ’(z) be the maximum
number in ()7 not exceeding ¢. Note that in the case of TMSDL—Lite,EZf/), the translation is feasible
only in NLOGSPACE (rather than LOGSPACE) because we have to take account of role inclusions

(and graph reachability is NLOGSPACE-complete).

4.4. Complexity of T,,s DL-Lite},,, and its Fragments
We now use the translation -* to obtain the complexity results announced in Section 3.3.

THEOREM 4.4. The satisfiability problem for TZ,{SDL-Lite'L\({o, and TFPXDL-Litei\gOI KBs is
PSPACE-complete.

PROOF. The upper bound follows from the reduction -* above and the fact that P77 £ is PSPACE-
complete over (Z, <) [Rabinovich 2010; Reynolds 2010; Sistla and Clarke 1982]. The lower bound
is an immediate consequence of the observation that Trpx DL-Lite,/,\,fol can encode formulas of the
form A B\, (p; — Op1);), where 6, the ; and v; are conjunctions of propositional variables:
satisfiability of such formulas is known to be PSPACE-hard (see e.g., [Gabbay et al. 1994]). O

In fact, using the {/-operator, we can establish the following:

THEOREM 4.5. The satisfiability problem for the core fragment of TMSDL—Lite’,ﬁ\D[OI KBs is
PSPACE-hard.

PROOF. The proof is by reduction of the non-halting problem for deterministic Turing machines
with a polynomial tape. Let s(n) be a polynomial and M a deterministic Turing machine that re-
quires s(n) cells of the tape given an input of length n. Without loss of generality, we assume
that M never runs outside the first s(n) cells. Let M = (Q, T, #,%.6,qo,qs), where @ is a fi-
nite set of states, I' a tape alphabet, # € I' the blank symbol, ¥ C T" a set of input symbols,
d: (Q\{gs}) xT' = Q xT' x {L, R} atransition function, and go, ¢; € @ the initial and accepting
states, respectively. Let @ = a; ...a, be an input for M. We construct a KB that is unsatisfiable
iff M accepts a. This will prove PSPACE-hardness. The KB uses a single object name d and the
following concepts, fora € I', ¢ € @ and 1 < ¢ < s(n), representing configurations of M:

— H,q, which contains d if the head points to cell 7 and the current state is g;
— Sia, Which contains d if tape cell ¢ contains symbol a in the current configuration;
— D;, which contains d if the head pointed to cell 7 in the previous configuration.

Let T contain the following concept inclusions, for a,a’ € T, ¢,¢' € Q,and 1 < i,j < s(n):

HigC LUH 1y, HiqgE LUSiw, ifd(g,a)=(¢,d',R)andi < s(n), (8)

HiyC LUH; 1)y, HigC LUSie, ifd(g,a)=(¢,a’,L)andi>1, )

Hi, C LUD;, (10)
DinD; C L, ifi 5, a1
Sia E Sia U D, (12)
Hi, C 1, (13)

and let Az consist of the following ABox assertions:

Hiy(d), Sia; (d), forl <i<mn, Siz(d), forn < i< s(n).
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Note that the concept inclusions in Tj; are of the form B; M By C | or By C By U Bs, where
each B; is either a concept name or L, and that U/, in essence, encodes the ‘next-time’ operator. The
proof that (73, .Az) is unsatisfiable iff M accepts @ is given in Appendix B. O

On the other hand, if we do not have the U/ /S or Or/Op operators in our languages, then the
complexity drops to NP, which matches the complexity of the O, /O,-fragment of propositional
temporal logic [Ono and Nakamura 1980]:

THEOREM 4.6. Satisfiability of TrpDL-Lite)\.,, and Ty DL-Litel.,; KBs is NP-complete.

PROOF. The lower bound is immediate from the complexity of DL-Litef,\{f ;- The upper bound for

TFpDL—Lite',',\O[DI can be shown using a slight modification of the reduction -* and the result of Ono
and Nakamura [1980] mentioned above. We need to modify - in such a way that the target language
does not contain the O™ operators of the ABox. We take a fresh predicate H7(x) for each ground
atom O"C/(a) occurring in A" and use the following formulas instead of O"C/(a) in A':

(OFHE(a) A =OF T HE(a)) A B (HE(a) — Cla)), ifn >0,
(Op " HE(a) A =0 " T HE(a)) A B (HE(a) = C(a)), ifn <0,

where &7 and 7 denote n applications of O and <, respectively. Note that H%(a) holds at m
iff m = n. Thus, we use these predicates to ‘mark’ a small number of moments of time in models.
The NP upper bound trivially holds for TUDL—Lite'l',\o/OI, a sublanguage of TFPDL-LiteZ\(/)'gl. |

Our next theorem also uses the reduction -* and follows from the complexity results for the
fragments PT Liom (B, Or/Op, Op /Op) and PT Leore (B, O /Op) of PT L, obtained by restricting
the form of clauses in the Separated Normal Form (SNF) [Fisher 1991] and proved in Section 5.

THEOREM 4.7. Satisfiability of Tppx DL-Lite)Y, . TppDL-Lite}, and Tgpx DL-Lite"  KBs
KBs is NP-complete.

PROOF. The NP upper bound follows from the fact that the -* translation of a KB in any of the
three languages is a PT Liyom (B, Or /Op, Op /Op )-formula. By Theorem 5.4, satisfiability of such
formulas is in NP. The matching lower bound for TFpDL-Lite,’c\,/om (and Trpx DL-Lite'kA,/(,m) follows
from the proof of NP-hardness of PT Lyom (B, Or /Ox ), which will be presented in Theorem 5.8:
one can take concept names instead of propositional variables and encode, in an obvious way, the
formulas of the proof of Theorem 5.8 in a KB; similarly, the lower bound for TFpXDL-Litef(fre
follows from NP-hardness of PT Lo (B, Op /Or); see Theorem 5.4. O

THEOREM 4.8. Satisfiability of TFpDL-LiteN KBs is in PTIME.

core

PROOF. The result follows from the observation that the -¥ translation of a TFPDL-Liteé\,fm KB is
of the form ¢’ A ¢, where ¢’ is a PT Lo (B, Op /O, )-formula representing the TBox and ¢ is a
conjunction of formulas of the form O"p, for propositional variables p. A modification of the proof
of Theorem 5.5 (explained in Remark 5.6) shows that satisfiability of such formulas is in PTIME.

We note in passing that the matching lower bound for P7 L .o (8, O /0,), to be proved in The-
orem 5.7, does not imply PTIME-hardness of TFpDL-Litef.\,f,e as the formulas in the proof require
an implication to hold at the initial moment of time, which is not expressible in Trp DL-Lit D

core*

Finally, we show that the Krom and core fragments of TUDL-Lite‘;,\(fol can be simulated by 2CNFs
(see, e.g., [Borger et al. 1997]), whose satisfiability is NLOGSPACE-complete.

THEOREM 4.9. The satisfiability problem for TyDL-Lite®,, and TyDL-Lite), KBs is
NLOGSPACE-complete.

PROOF. The lower bound is trivial from NLOGSPACE-hardness of DL-Litcé\O[,e. We show the
matching upper bound. Given a Ty DL-Lite}y, KB K = (T, A), we consider the Q7 £*-formula

K*, which, by Lemma 4.3, is satisfiable iff /C is satisfiable. Now, we transform K¥ into a two-sorted
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first-order formula K¥2 by representing the time dimension explicitly as a predicate argument. Recall
that Kt is built from the propositional variables pg, for R € rolex, and unary predicates B*, for
concepts B of the form A and > g R. Without loss of generality, we assume that there is at most
one & in front of each B* in K*. We replace each B*(z) in C* that is not prefixed by & with the
binary predicate B*(x,t), and each @ B*(x) with a fresh unary predicate Up(x); the outermost
is replaced by V¢. To preserve the semantics of the B B*, we also append to the resulting formula
the conjuncts Yz (Up(z) <+ Vt B*(x,t)), which are equivalent to

VtVz (Up(z) — B*(z,t)) A Va3t (B*(z,t) = Up(x)).

The propositional variables pr of C* remain propositional variables in X2, and the second conjunct
of KC* is replaced by the following formula:

(pr — (FNV(R))* (diny(r),0)) A V¢¥a (3R)*(x,t) — pr)

with constant 0. Finally, the ground atoms O™ B*(a) in A" are replaced by B*(a,n) with constants
n. Thus, IC¥2 is a conjunction of (at most) binary clauses without quantifiers or with prefixes of the
form V¢V and Va 3¢. Since the first argument of the predicates, x, is always universally quantified,
C*2 is equisatisfiable with the conjunction JC*3 of the formulas obtained by replacing = in K2 with
the constants in the set ob4 U {dr | R € rolex}. But then K* is equivalent to a first-order Krom
formula in prenex form with the quantifier prefix 3*V, satisfiability of which can be checked in
NLOGSPACE (see e.g., [Borger et al. 1997, Theorem 8.3.6]). O

5. CLAUSAL FRAGMENTS OF PROPOSITIONAL TEMPORAL LOGIC

Our aim in this section is to introduce and investigate a number of new fragments of the propositional
temporal logic P77 L. One reason for this is to obtain the complexity results required for the proof
of Theorems 4.7 and 4.8. We believe, however, that these fragments are of sufficient interest on their
own, independently of temporal conceptual modelling and reasoning.

Sistla and Clarke [1982] showed that full PTL is PSPACE-complete; see also [Halpern and
Reif 1981; Lichtenstein et al. 1985; Rabinovich 2010; Reynolds 2010]. Ono and Nakamura [1980]
proved that for formulas with only O, and <, the satisfiability problem becomes NP-complete.
Since then a number of fragments of P7 L with lower computational complexity have been iden-
tified and studied. Chen and Lin [1993] observed that the complexity of P7 L does not change
even if we restrict attention to temporal Horn formulas. Demri and Schnoebelen [2002] determined
the complexity of fragments that depend on three parameters: the available temporal operators,
the number of nested temporal operators, and the number of propositional variables in formulas.
Markey [2004] analysed fragments defined by the allowed set of temporal operators, their nesting
and the use of negation. Dixon et al. [2007] introduced a XOR fragment of P7 L and showed its
tractability. Bauland et al. [2009] systematically investigated the complexity of fragments given by
both temporal operators and Boolean connectives (using Post’s lattice of sets of Boolean functions).

In this section, we classify temporal formulas according to their clausal normal form. We remind
the reader that any P7T L-formula can be transformed to an equisatisfiable formula in Separated
Normal Form (SNF) [Fisher 1991]. A formula in SNF is a conjunction of initial clauses (that define
‘initial conditions’ at moment 0), step clauses (that define ‘transitions’ between consecutive states),
and eventuality clauses (ensuring that certain states are eventually reached). More precisely, for the
time flow Z, a formula in SNF is a conjunction of clauses of the form

LiV---V L,

B((Ly A+ ALp) = O(Ly V-V L)),
B((Ly A+ A L) = OplL),

@((Ly A~ A Ly) = OpL),
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Table Ill. Complexity of Clausal Fragments of PT L.

&, Or /Op, O /Op &, O /Op ®, Or /Op
Bool PSPACE PSPACE NP NP
Horn PSPACE PSPACE PTIME [< Th. 5.5] PTIME
Krom NP [< Th.5.1] NP NP [> Th. 5.8] NLOGSPACE
core NP NP [>Th.54] | PTIME [>Th.5.7] | NLOGSPACE
where L, Ly, ..., Ly, L},..., L are literals—i.e., propositional variables or their negations—and

O is a short-hand for O (we will use this abbreviation throughout this section). By definition, we
assume the empty disjunction to be L and the empty conjunction to be T. For example, the second
clause with m = O reads ®(Lq A --- A Ly — L).

The transformation to SNF is achieved by fixed-point unfolding and renaming [Fisher et al. 2001;
Plaisted 1986]. Recall that an occurrence of a subformula is said to be positive if it is in the scope of
an even number of negations. Now, as p U q is equivalent to Og V (Op ANO(pU q)), every positive
occurrence of pU ¢ in a given formula ¢ can be replaced by a fresh propositional variable r, with
the following three clauses added as conjuncts to ¢:

(7"—>O(q \/p)), (T—>O(q\/r)) and (r—><>Fq).

The result is equisatisfiable with ¢ but does not contain positive occurrences of pUf ¢. Similarly, we
can get rid of other temporal operators and transform the formula to SNF [Fisher et al. 2001].

We now define four types of fragments of PT L, which are called PT Lore(X), PT Lirom(X),
PT Lior(X) and PT Lpyor(X), where X has one of the following four forms: @, O /Op, O /Op,
or B, Op /Op, or B, O, /0, or B. PT Lo (X)-formulas, @, are constructed using the grammar:

o = | BY | o1 Ap,
Y o= A=A | M AN L (core)
A == 1L | p | %A,  where % is one of the operators in X.

Definitions of the remaining three fragments differ only in the shape of ). In PT Ly (X )-formulas,
1) is a binary clause:

’lﬁ 2= A > As | A AN — L ‘ A1V g, (krom)
In PT Lo (X)-formulas, 1 is a Horn clause:
Pou= M A AAN A (horn)

while in PT Lo (X )-formulas, ) is an arbitrary clause:
o= AMA A = AV VAL (bool)
1 k

Note that, if X contains O-operators then the corresponding <-operators can be defined in the
fragments PT Liom(X) and PT Lpyer(X).

Table III shows how the complexity of the satisfiability problem for P7T L-formulas depends on
the type of the underlying propositional clauses and the available temporal operators. The PSPACE
upper bound is well-known; the matching lower bound can be obtained by a standard encoding of
deterministic Turing machines with polynomial tape (cf. Theorem 4.4). The NP upper bound for
PT Lioor(E, Op/0p) follows from [Ono and Nakamura 1980]. The NLOGSPACE lower bound is
trivial and the matching upper bound follows from the complexity of the Krom formulas with the
quantifier prefix of the form 3*V [Borger et al. 1997] (a similar argument is used in Theorem 4.9).
In the remainder of this section, we prove all other results in this table. It is worth noting how the
addition of O or — increases the complexity of PT Lo (B, O, /0p) and PT Leore (B, 05 /0,).

THEOREM 5.1. The satisfiability problem for PT Liyom (B, O / Op, Op /Op )-formulas is in NP.
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PROOF. We proceed as follows. First, in Lemma 5.2, we give a satisfiability criterion for P77 L-
formulas in terms of types—sets of propositions that occur in the given formula—and distances
between them in temporal models. The number of types required is polynomial in the size of the
given formula; the distances, however, are exponential, and although they can be represented in
binary (in polynomial space), in general there is no polynomial algorithm that checks whether two
adjacent types can be placed at a given distance (unless PTIME = PSPACE). In the remainder of the
proof, we show that, for formulas with binary clauses, this condition can be verified by constructing
a polynomial number of polynomial arithmetic progressions (using unary automata). This results in
a non-deterministic polynomial-time algorithm: guess types and distances between them, and then
verify (in polynomial time) whether the types can be placed at the required distances.

Let ¢’ be a PT Liyom (B, Or /Op, Op /Oy )-formula. By introducing fresh propositional variables
if required, we can transform ¢’ (in polynomial time) to a formula

o = U A B, (14)

where W contains no temporal operators and ¢ contains no nested occurrences of temporal oper-
ators. Indeed, if ¢’ contains a conjunct ¢ with a temporal ), then we take a fresh propositional
variable ), replace \ in ¢ with A, and add to ¢’ a new conjunct EI(A <> \). In a similar way we get
rid of nested occurrences of temporal operators in .

We will not distinguish between a set of formulas and the conjunction of its elements, and write
® for A\ cqp Ex. As B(AV Op ') is equivalent to B(OpA V '), we can assume that © does not
contain Op (remember that we agreed to denote O by O). We regard & inside ® as defined by
A = 0.0 \. Thus, we assume that ¢ contains only O, O, and O, (which are not nested).

We first characterise the structure of models for formulas of the form (14) (with ¥ and & sat-
isfying those conditions). It should be noted that this structure only depends on ¢ being of that
form (cf. [Gabbay et al. 1994; Gabbay et al. 2003] and references therein) and does not depend on
whether or not ¥ and & are sets of binary clauses. To this end, for each O, L in ¢, we take a fresh
propositional variable, denoted U, L and called the surrogate of O L; likewise, for each O, L we
take its surrogate O, L. Let ® be the result of replacing O-subformulas in ® by their surrogates. It
should be clear that ¢ is equisatisfiable with

P = UAED A /\ BE.L+0.L) A /\ B@E:L + 0.L).

Op L occurs in & Op L occurs in &

By a type for © we mean any set of literals that contains either p or —p, for each variable p in @
(including the surrogates O, L and O, L).

LEMMA 5.2. The formula @ is satisfiable iff there exist k + 5 integers
mo <myp < -+ < Mgy

(where k does not exceed the number of Op L and Op L) and a sequence Vo, V1, ..., V4 of types
for @ satisfying the following conditions (see Fig. 3):

Bo) mis1 —m; < 2P for0<i < k+4;
(B1) there exists b such that 0 < g < k+ 4 and ¥ A U, is consistent;
B2) foreachi, 0 <i < k+4, and each O L in P,

ifO.L € U, then L, 0, L € ¥; 1, and ifO.L € U, 1 \ U, then L ¢ Wy 1;
(B3) there exists {p < k + 4 such that Vy,, = V4 and, for each Op L in @,

if OnL ¢ Wy, then L ¢ V;, for some j > {p;

By) foreachi, 0 < i < k+4, and each Op L in P,

ifO.L € W, then L,0,L € ¥;_4, and ifO,L €V, 1\, then L ¢ U;_1;
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U1 v, O; Uit1
~OpL  —OpL ... -OpL: OpL | OgL ... OpL | OpL
” ” T oL L L L
v, O; Wit1 Wito
OpL OpL OpL OpL | —0OpL ... =0OpL | =OpL
L L L -L - S

Fig. 3. Conditions (B2), (B4) and (Bg) in Lemma 5.2.

(Bs) there exists £Lp > 0 such that V,, = Uy and, for each O, L in ®,
ifOpL ¢ Uy, then L ¢ ¥, for some j < {p;
Bg) foralli, 0 < i < k + 4, the following formula is consistent:

mi+1—mi—1
oA NOIe; A OMETTNGL, A E3, (15)
j=1

where O is the result of attaching j operators O to each literal in ¥ and

0; = {L7 OrL | O.L € \Ijz} U {_‘DFL | OrL ¢ \I}z} U
{L,G,L |G, L eV, }U{-T,L|T.L¢ U}

PROOF. (=) Let 9,0 = ©. Denote by ¥(m) the type for @ containing all literals that hold
at m in 901. As the number of types is finite, there is m, > 0 such that each type in the sequence
U(mg), ¥(my + 1),... appears infinitely often; similarly, there is m, < 0 such that each type in
the sequence U (mp), ¥(mp — 1),... appears infinitely often. Then, for each subformula O, L of
®, we have one of the three options: (1) L is always true in 91, in which case we set mpo,, = 0;
(2) there is mg .1, such that 9, ma,. , = =L AOx L, in which case mp < mao,, < mp;or(3) O,L
is always false in 91, in which case L is false infinitely often after m ., and so there is mp, 1, > mz
such that 9, mp,;, = —L. Symmetrically, for each subformula Op L of ®, (1) L is always true in
M, in which case we set mgo,;, = 0; or (2) there is an mp, 1, such that m, < mp, < my and
M, mo,r =L AO.L; or (3) Op L is always false in 901, in which case there is ma,., < mp such
that M, mo,;, = —L. Let my; < mg < -+ < my43 be an enumeration of the set

{0,mp,mp} U {mg,r | OxLoccursin ®} U {mg,r | OpL occurs in $}.

Let my44 > my13 be such that ¥(my14) = ¥(my) and let mg < m; be such that ¥(mg) =
U(mp). We then set U; = ¥(m;), for 0 < i < k + 4. Let ¢y, {p and £p be such that my, = 0,
my, = mp and my, = mg. It should be clear that (B;)—(B¢) hold. Finally, given a model of
with two moments m and n such that the types at m and n coincide, we can construct a new model
for p by ‘removing’ the states 7 with m < 7 < n. Since the number of distinct types is bounded by
217, by repeated applications of this construction we can further ensure (Bo).

(<) We construct a model 9 of @ by taking finite cuts of the models 2; of the formulas in (Bg):
between the moments mg and my4, the model 9 coincides with the models My, ..., M43 so
that at the moment m; in 9T we align the moment O of 91;, and at the moment m,; we align the
moment m;; — m; of M;, which coincides with the moment 0 of 97,4 ; because both are defined
by U,1; before the moment mg, the model 21 repeats infinitely often its own fragment between
mg and my,,, and after my4 it repeats infinitely often its fragment between my, and my_44 (both
fragments contain more than one state). It is readily seen that 9, m,, E@. O
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By Lemma 5.2, if we provide a polynomial-time algorithm for verifying (Bg), we can check
satisfiability of ® in NP. Indeed, it suffices to guess k£ + 5 types for  and k + 4 natural numbers
n; = mip1 — my, for 0 < 4 < k 4 4, whose binary representation, by (By), is polynomial in |]. It
is easy to see that (B1)—(B5) can be checked in polynomial time. We show now that (Bg) can also
be verified in polynomial time for PT Liem (B, Or /Op, O /Op )-formulas.

Our problem is as follows: given a number n > 0 (in binary), types ¥ and ¥’, a set © of literals
and a set ® of binary clauses of the form D, V D, where the D; are temporal literals p, —p, Op or
—Op, decide whether there is a model satisfying

n—1
v A ANoke A 0"V ABES. (16)
k=1

In what follows, we write 1)1 |= 9 as a shorthand for ‘in every 91, if 9%, 0 |= 11 then 9,0 = )y
For 0 < k < n, we set:

Fi(U)={L'|LAB® | O"L, for L € ¥},
PE(W)={L|O"L' NB® | L, for L' € V'}.
LEMMA 5.3. Formula (16) is satisfiable iff the following conditions hold:

(L) FQ(¥) C W, F2(0) C ¥ and PY(V') C W/, PR(T') C 0;
(Ly) —L ¢ FE(U) and —L ¢ Py~ (W), forall L € © and 0 < k < n.

PROOF. It should be clear that if (16) is satisfiable then the above conditions hold. For the
converse direction, observe that if L' € Ff(¥) then, since ® is a set of binary clauses, there
is a sequence of O-prefixed literals O Ly ~» OF L; ~» ... ~» OFm L, such that kg = 0,
Lo €9, k,, =k, Ly, = L, each k; is between 0 and n and the ~» relation is defined by taking
OFi L ~» OFi+1 L; 1 just in one of the three cases: k; ;1 = k;and L; — L; 1, € ®ork;p 1 = k;j+1
and L; - OL;41 € ®ork;y1 = k; —1and OL; — L;;1 € ® (we assume that, for example,
—q — —p € ® whenever ® contains p — ¢q). So, suppose conditions (L;)—(L3) hold. We construct
an interpretation satisfying (16). By (L), both ¥ A E® and O"¥’ A B ® are consistent. So, let
My and Dty be such that My, 0 = U A BT and My, n | ' A BY, respectively. Let 0T be
an interpretation that coincides with 1y for all moments £ < 0 and with My for all £ > n; for
the remaining k, 0 < k < n, it is defined as follows. First, for each p € © , we make p true at k
and, for each —p € ©, we make p false at k; such an assignment exists due to (Lz). Second, we
extend the assignment by making L true at k if L € FF(¥) U P2~ "(¥’). Observe that we have
{p,~p} € FE(¥)U PR (¥): for otherwise L AB® |= OFpand O™ *L/ AB® |= —p, for some
L e Vand L' € ¥, whence L AE® = O"—L/, contrary to (L1). Also, by (Lz), any assignment
extension at this stage does not contradict the choices made due to ©. Finally, all propositional vari-
ables not covered in the previous two cases get their values from 91y (or MMg/). We note that the
last choice does not depend on the assignment that is fixed by taking account of the consequences
of @® with ¥, ¥’ and O (because if the value of a variable depended on those sets of literals, the
respective literal would be among the logical consequences and would have been fixed before). O

Thus, it suffices to show that conditions (L.;)—(L2) can be checked in polynomial time. First, we
claim that there is a polynomial-time algorithm which, given a set ® of binary clauses of the form
D1V Do, constructs a set * of binary clauses that is ‘sound and complete’ in the following sense:

(S) BO* =@,
(S2) if 8P = B(L — OkLk) then either Kk = O and L — Ly € ®*, or kK > 1 and there are
Lo,Ly,...,Ly_1withL =Lpand L; — OL;y; € ®*,for0 <17 < k.

Intuitively, the set ®* makes explicit the consequences of @ ® and can be constructed in time (2|®|)?
(the number of temporal literals in ®* is bounded by the doubled length |®| of ® as each of its
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literals can only be prefixed by O). Indeed, we start from ® and, at each step, add D; V Do to ® if
it contains both D1 V D and —D V Ds; we also add L1 V Lo if ® contains OL; V OLy (and vice
versa). This procedure is sound since we only add consequences of & &; completeness follows from
the completeness proof for temporal resolution [Fisher et al. 2001, Section 6.3].

Our next step is to encode ®* by means of unary automata. For literals L and L', consider a
nondeterministic finite automaton 2{;, 1, over {0}, whose states are the literals of ®*, L is the initial
and L' is the only accepting state, and the transition relation is {(L1, L) | L1 — OLy € ®*}.
By (S1) and (S2), for all £ > 0, we have

2y 1 accepts 0F iff E® = B(L — OFL).
Then both Ff(¥) and P§(¥’), for k > 0, can be defined in terms of the language of 2y, 1

F§(W) = {L' | A1 accepts 0%, for L € T},
PE(W') = {L | A, -1 accepts 0, for L' € ¥’}

(recall that OFL’ — L is equivalent to ~L — O*=L’). Note that the numbers n and & in condi-
tions (L1) and (L2) are in general exponential in the length of ® and, therefore, the automata Az, 1
do not immediately provide a polynomial-time procedure for checking these conditions: although it
can be shown that if (L2) does not hold then it fails for a polynomial number £, this is not the case
for (L), which requires the accepting state to be reached in a fixed (exponential) number of tran-
sitions. Instead, we use the Chrobak normal form [Chrobak 1986] to decompose the automata into
a polynomial number of polynomial-sized arithmetic progressions (which can have an exponential
common period; cf. the proof of Theorem 5.4).

It is known that every N-state unary automaton 2l can be converted (in polynomial time) into
an equivalent automaton in Chrobak normal form (e.g., by using Martinez’s algorithm [To 2009]),
which has O(Nz) states and gives rise to M arithmetic progressions a; + 1N, ..., ay + by N,
where a; + b;N = {a; + bym | m € N}, such that

- M <O(N?)and 0 < a;,b; < N, for1 <i < M;
— A accepts 0% iff k € a; + b;N, for some 1 < i < M.

By construction, the number of arithmetic progressions is quadratic in the length of .

We are now in a position to give a polynomial-time algorithm for checking (L.1) and (L2), which
requires solving Diophantine equations. In (Ls), for example, to verify that, for each p € ©, we have
-p ¢ Féf(‘l/), for all 0 < k < n, we take the automata 2z, ., for L € ¥, and transform them into
the Chrobak normal form to obtain arithmetic progressions a; + b;N, for 1 < ¢ < M. Then there is
k,0 < k <mn,with —p € Fg () iff one of the equations a; + b;m = k has an integer solution with
0 < k < n. The latter can be verified by taking the integer m = | —a;/b;| and checking whether
either a; + b;m or a; + b;(m + 1) belongs to the open interval (0, 7n), which can clearly be done in
polynomial time. This completes the proof of Theorem 5.1.

We can establish the matching lower bound for PT L (B, Op /Op )-formulas by using a result
on the complexity of deciding inequality of regular languages over singleton alphabets [Stockmeyer
and Meyer 1973]. In the following theorem, we give a more direct reduction of the NP-complete
problem 3SAT and repeat the argument of Stockmeyer and Meyer [1973, Theorem 6.1] to construct
a small number of arithmetic progressions (each with a small initial term and common difference)
that give rise to models of exponential size:

THEOREM 5.4. The satisfiability problem for PT L core (B, Op /Op )-formulas is NP-hard.
PROOF. The proof is by reduction of 3SAT [Papadimitriou 1994]. Let f = A", C; be a 3CNF

with m variables p1,...,p, and n clauses Cy,...,C,. By a propositional assignment for f we
understand a function o: {p1,...,pm} — {0,1}. We will represent such assignments by sets of
positive natural numbers. More precisely, let P, ..., P, be the first m prime numbers; it is known

that P, does not exceed O(m?) [Apostol 1976]. We say that a natural number k represents an
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(102 3 4 5(6/7 8 9[10[11 12 13 14|15[16[17 18 19 20|21[22 23 24[25[26 27 28 29|30
21T[0T010[TOT[0|T 0 1 0[1[0[T 0 1T 0[1|0 I 0[1]|0 T 0 1[0
3010 o1 |o[t 0|1 0 1 0|1 0 1 01 0|1 0 1 0
501 01 01 0|1 01 01 0

Fig. 4. Natural numbers encoding assignments for 3 variables p1, p2, p3 (shown in bold face).

assignment o if k is equivalent to o(p;) modulo P;, for all 4, 1 < i < m. Not every natural number
represents an assignment. Consider the following arithmetic progressions:

j+ P;-N, forl<i<mand2 < j < P, a7

Every element of j + P; - N is equivalent to j modulo P;, and so, since j > 2, cannot represent an
assignment. Moreover, every natural number that cannot represent an assignment belongs to one of
these arithmetic progressions (see Fig. 4).
Let C; be a clause in f, for example, C; = p;, V —pi, V p;,. Consider the following progression:
P P)P! + P, P,P, -N. (18)
Then a natural number represents an assignment making C; true iff it does not belong to the pro-
gressions (17) and (18). Thus, a natural number represents a satisfying assignment for f iff does not
belong to any of the progressions of the form (17) and (18), for clauses in f.
To complete the proof, we show that the defined arithmetic progressions can be encoded in
PT Leore(B, O /Op). We take a propositional variable d, which will be shared among many for-
mulas below. Given an arithmetic progression a + bN (with ¢ > 0 and b > 0), consider the formula

a b
Hayb = ug N\ /\ (’LL]',1 — Ou])/\ (Ua — ’00)/\ /\ (’l}j,1 — OUj)/\('Ub — 1)())/\(’[}0 — d),
Jj=1 Jj=1
where ug, . .., uq and vy, . . ., vy are fresh propositional variables. It is not hard to see that, in every
model satisfying 6, ;, at moment 0, d is true at moment k£ > 0 whenever k belongs to a + bN.

So, we take 6, ; for each of the arithmetic progressions (17) and (18) and add two formulas,
pAB(Op — p) ANB(p — d) and Bd — L, which ensure that d and a fresh variable p are true at all
k < 0but d is not true at all moments. The size of the resulting conjunction of P7 L . (B, Op /Op )-
formulas is O(n - m®). One can check that it is satisfiable iff f is satisfiable. O

THEOREM 5.5. The satisfiability problem for PT Lyor (8, O /Oy )-formulas is in PTIME.

PROOF. Without loss of generality, we can assume that & does not occur in the formulas of
the form A and that Op, O, are applied only to variables. Now, observe that every satisfiable
PT Lo (B, Op /O )-formula ¢ is satisfied in a model with a short prefix (of length linear in |p|)
followed by a loop of length 1 (cf. Lemma 5.2). More precisely, let 9t, 0 = . Similarly to the proof
of Lemma 5.2, for each subformula O,p; of ¢, we have only three possible choices: if O p; is always
true or always false, we set ma,,, = 0; otherwise, there is mg,.,,, with M, mo,.p, = —pi A Opp;.
Symmetrically, we take all moments mp,,, for all Oz p; in . Consider the following set

{0} U {moyp,
and suppose it consists of the numbers m_; < --- < m_; < mg < my < --- < my withmg = 0.
Let N be the number of O.p; and Opp; occurring in ¢ plus 1. We extend the sequence by taking
m; =mg+ 1, fork <i < N,andm_; = m_; — 1, forl < i < N. Therefore, M, my | Opp; iff
M, my = p; (and symmetrically for Opp; at m_ ). Let 9 be defined as follows:

Oep; occurs in ¢} U {ma,p, | Orp; occurs in ¢}

m,m,]\[ ‘: Pi, ifn < _N7
M nEp iff <M m, =pi, if —N<n<N,
M, my = pi, if n > N.

It can be seen that ', 0 = .
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It remains to encode the existence of such a model by means of propositional Horn formulas, as
Horn-SAT is known to be PTIME-complete. To this end, for each propositional variable p;, we take
2N +1 variables p}", for —N < m < N. Also, for each formula O, p;, we take 2N +1 propositional
variables, denoted (Opp;)™, for —N < m < N, and similarly, for each O.p;, we take variables
(Opp;)™. Then each clause A\; A -+ A A, — X in  gives rise to the propositional clause

AA- AN )0
and each E(\ A --- A\, — A)in @ gives rise to 2N + 1 clauses

ATVA AN = AT for — N <m < N.
Additionally, we need clauses that describe the semantics of Opp; in 9 at m, —N < m < N:
(Oep)™ = (Cep)™ ™, (Cep)™ = " (Geps) ™ AP = (Tepi)™,
and clauses that describe the semantics of O,p; in 9V at moment N:
(DFpi>N — p£V7 p£\7 - (DFpi)N7

and symmetric clauses for each Opp; in (. It is not hard to show that every satisfying assignment
for the set of the clauses above gives rise to a model 2%’ of ¢ and, conversely, every model 2’ of
with the structure as described above gives rise to a satisfying assignment for this set of clauses. O

Remark 5.6. 1In order to obtain Theorem 4.8, one can extend the proof above to formulas of
the form ¢’ A ¢, where ¢’ is @ PT Ljom (B, Or /0z)-formula and ¢ a conjunction of O™p, for
propositional variables p. To this end, in the definition of the set M, one has to take 0 together with
all n for which O™p occurs in ”’; the number N is then equal to the number of those moments n
plus the number of all O p and Opp occurring in ¢’. The rest of the construction remains the same.

THEOREM 5.7. The satisfiability problem for PT L o (B, O /O, )-formulas is PTIME-hard.

PROOF. The proof is by reduction of satisfiability of propositional Horn formulas with at most
ternary clauses, which is known to be PTIME-complete [Papadimitriou 1994]. Let f = A}, C; be
such a formula. We define ¢ to be the conjunction of the following formulas:

p, for all clauses C; of the form p,
p — L, forall clauses C; of the form —p,
p — q, forall clauses C; of the form p — ¢,
¢i N (p— Opci) A (g — Opcy) A (Be; — 1), for all clauses C; of the form p A ¢ — r,
where ¢; is a fresh variable for each C;. It is easy to see that f is satisfiable iff ¢ is satisfiable. O
THEOREM 5.8. The satisfiability problem for PT Ly (8, Oy /Op )-formulas is NP-hard.

PROOF. We proceed by reduction of the 3-colourability problem. Given a graph G = (V, E), we
use variables py, . . ., ps and v;, for v; € V, to define the following PT Ly (E, Op /Op )-formula:

Ya = po A /\ E(p; — Oppiy1) A
0<i<3
N BpoADe—wi = 1) A N BlpaAvi—1) A N\ B Av— L),
v; EV v; €V (vi,vj)EE

Intuitively, the first 4 conjuncts choose, for each vertex v; of the graph, a moment 1 < n; < 3; the
last one makes sure that n; # n; in case v; and v; are connected by an edge in G. We show that ¢
is satisfiable iff G is 3-colourable. Suppose c¢: V' — {1,2, 3} is a colouring function for G. Define
9N by setting M, n |= v; justin case c(v;) = n, forv; € V,and M, n |= p; iff n > 4, for 0 < i < 4.
Clearly, 9,0 |= q. Conversely, if 9,0 |= ¢ then, for each v; € V, there is n; € {1,2,3} with
M, n; = v; and M, n; B~ v; whenever (v;,v;) € E. Thus, ¢: v; — n; is a colouring function. [
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6. DL-LITE WITH TEMPORALISED ROLES
Now we investigate the complexity of extensions of DL-Lite,,; with temporalised roles of the form

R =S| S | R | HR,

where, as before, S is a flexible or rigid role name. Recall that the interpretation of ® R and B R is
defined by taking (®R)*(™) = J, ., RT™® and (8 R)T(™) = N, , RT™.

6.1. Directed Temporal Operators and Functionality: Undecidability

Our first result is negative. It shows, in fact, that any extension of DL-Litep,, with temporalised
roles, functionality constraints on roles and either the next-time operator Oy or both O, and O, on
concepts is undecidable.

THEOREM 6.1. Satisfiability of T% DL-Lite)Y.,, and Ti:pDL-Lite). , KBs is undecidable.

PROOF. The proof is by reduction of the N x N-tiling problem (see, e.g., [Borger et al. 1997]):
given a finite set T of tile types T = (up(T'), down(T), left(T), right(T)), decide whether ¥ can tile
the N x N-grid, i.e., whether there is amap 7: Nx N — % such that up(7 (3, j)) = down(7(i,j+1))
and right(7(3,j)) = left(t(i + 1,7)), for all (i,5) € N x N. We assume that the colours of tiles in
‘T are natural numbers from 1 to &, for a suitable k > 1.

Consider first T;}DL—Litelj)\(fo, and, given ¥, construct a KB K¢ = (7«,.A) such that K« is satis-
fiable iff ¥ tiles the N x N-grid. The temporal dimension will provide us with the horizontal axis of
the grid. The vertical axis will be constructed using domain elements. Let R be a role such that

>2¢RC 1L and >2¢RLC L. (19)

In other words, if xRy at some moment then there is no other 3’ with xRy’ at any moment of
time (and similarly for R~). We generate a sequence of domain elements: first, we ensure that the
concept R M O 3R is non-empty, which can be done by taking A = {A(a)} and adding

A C JRMNOp3R, (20)
to the TBox 7+, and second, we add the following concept inclusion to 75 to produce a sequence:
JR™MOpR™ C dRMNOx3R. (21

(The reason for generating the R-arrows at two consecutive moments of time will become clear
below.) It is to be noted that the produced sequence may in fact be either a finite loop or an infinite
chain of distinct elements. Now, let T be a fresh concept name for each 7' € ¥ and let the concepts
representing the tile types be disjoint:

TnT C 1, for T#T'. (22)
Right after the double R-arrows we place the first column of tiles:

JR-MNMOR- C |_| OpOpT. (23)
TeT

The second column of tiles, whose colours match the colours of the first one, is placed £+1 moments
later; the third column is located k£ + 1 moments after the second one, etc. (see Fig. 5):

T C L] OFIT’ foreach T € . (24)
T’ €% with right(T)=left(T")

This gives an N x N-grid of tiles with matching left—right colours. To ensure that the up—down
colours in this grid also match, we use the double R-arrows at the beginning and place the columns
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R I : up(T) 1 :
Ty - T

R I : up(T") = down(T) I :
I I

T & o o .

at o o o o o

time

o4
=

2 k+3

Fig. 5. Proof of Theorem 6.1: the structure of the N x N grid.

of tiles k£ + 1 moments apart from each other. Consider the following concept inclusions, for 7' € ¥:

TC -3R, (25)
TC-0O!3R™, forl <i< kwithi # down(T), (26)
TC o ™3R. Q27)

Inclusions (25), (22) and (26) ensure that between any two tiles £ + 1 moments apart there may
be only one incoming R-arrow. This means that after the initial double R-arrows no other two
consecutive R-arrows can occur. The exact position of the incoming R-arrow is uniquely determined
by the down-colour of the tile, which together with (27) guarantees that this colour matches the up-
colour of the tile below. Fig. 5 illustrates the construction (the solid vertical arrows represent R).

Let 7= contain all the concept inclusions defined above. It is not hard to check that (7%, .A) is
satisfiable iff ¥ tiles the N x N-grid.

The proof for T;iPDL-Lite%ol is much more involved. To encode the vertical axis of the N x N-
grid, we again use the role R satisfying the concept inclusions

>26RC 1L and >20R L L. (28)

However, as Oy is not available in T;PDL—Lite/b\go,, we need a completely different construction
to ensure that the tiles match in the horizontal dimension. Indeed, in the proof above (cf. (24)) we
use O] and disjunction to place a suitable tile to the right of any tile in the grid. Without the Oy
operator, we use another role S (whose .5 is also inverse-functional) and create special patterns
to represent colours (as natural number from 1 to k) similarly to the way we paired up and down
colours above. In order to create patterns and refer to the ‘next moment’, we use a trick similar to
the one we used in the proof of Theorem 4.6: given a concept C and n. > 0, let

OO =0rC MO and OO = ORC M AOMTIC.

Note, however, that these ¢7 /%, C-operators can mark a domain element with C' only once. So,
every time we need a pattern, say of 35, of a certain length on a domain element, we create a new
S-successor, use concepts bit; (with various superscripts in the proof) to mark certain positions on
that S-successor by means of the operators OIf/ipbiti and then ‘transfer’ the markings back to our
domain element via inclusions of the form bir; T 35~ and bit; T —3S5~ with functional S5~
The rest of the proof is organised as follows. In Step 1, we create the structure of the horizontal
axis on a fixed ABox element a. The structure consists of repeating blocks of length 4k + 4 (to
represent the four colours of the tile); each block has a certain pattern of complementary V;- and
V1 -arrows (see Fig. 8), which are arranged using the same technique as we outlined for S so that a
has a ‘fan’ of V{y-successors (yg, y1, - . .) and a ‘fan’ of V;-successors (zq, z1, ... ). Then, in Step 2,
we create a sequence 2, 21, . . . of R-successors to represent the vertical axis (see Fig. 10) so that

each of the z; repeats the structure of the horizontal axis (shifted by k& + 1 with each new z;)
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Fig. 6. The structure of the horizontal axis: z is a V -successor of aZ and yg is a Vj-successor of aZ.
Y

and places tiles on a ‘fan’ of its own S-successors. The particular patterns of S-arrows within the
repeating 4k + 4 blocks will then ensure that the right—left colours match (within the same ‘fan’)
and, similarly, the patterns of R-arrows between the z; will ensure that the up—down colours match.
Step 1. We encode the horizontal axis using the ABox \A = {A(a)} and a number of concept
inclusions with roles Vj, V; and concepts bit,yl, forl <i<2k+2,and bit;/", forl <i<3k+2.
Consider first the following concept inclusions:

AC 3V, NO.—-3n, (29)

>26V E 1, (30)

WV No-3V © o [] o bitt N o3y, (31)
1<i<2k+2

bity* €3V, forl <i<k, (32)

bity, T =3V, forl1 <i<k+1, (33)

bityr, ., C IV (34)

Suppose all of them hold in an interpretation Z. Then, by (29), aZ has a V;-successor, say g, at mo-
ment 0 and no V;-successor at any preceding moment. By (30), z¢ does not have a V;-predecessor
before 0, and so, by (31)—(34), xo has a V;-predecessor at every moment ¢ with 0 < ¢ < k and
i = 2k + 2, and no V;-predecessor at any other times. By (30), all these V;-predecessors must
coincide with a” (Fig. 6). We also need similar concept inclusions for the role Vp:

AC -3V, (35)
>26V, C 1, (36)
Wy MOV & [ | o bity n o3y, 37)

1<i<3k+2
bity® C 3V, forl <i<k, (38)
bity°, C -3V, (39)
bityo, , C3AVy,  forl<i<2k+1, (40)

together with

AT Op(3V1 U3V), 1)
IpnIviC L. (42)

Suppose all of them hold in Z. By (41), (42), at each moment after O, a¥ has either a V- or a V;-
successor. By (29), (42) and the observations above, a® cannot have a Vj-successor in the interval
between 0 and k. Suppose o is a Vy-successor of aZ at k + 1 (that this is the case will be ensured
by (43)). By (35), (36), yo has no Vj-predecessors before 0; so, by (37)—(40), yo has Vj-predecessors
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Fig. 7. A gap of k moments on the horizontal axis: both o and z are V4 -successors of aZ.

at the moments ¢ with k+1 <4 < 2k+ 1 and 2k + 3 < ¢ < 4k + 3 and no Vj-predecessors at other
moments. By (36), all these Vj-predecessors coincide with a® (see Fig. 6). We show now that if

>2VC L 43)

also holds in Z then a” has a Vj-successor at k+ 1. Indeed, suppose a” has a V;-successor z at k+1.
Then, by (29), the choice of xy and (43), z cannot be a V;-successor of a¥ at any moment before
that. So, z must belong to the left-hand side concept of (31), which triggers the following pattern of
Vi -successors of aZ: zo at moments s with 0 < i < k, zati withk + 1 < i < 2k + 1, zo at 2k + 2
and z at 3k+ 3 (see Fig. 7). This leaves only the moments i, for 2k+3 < i < 3k+2, without any V-
or V;-successors. But in this case aZ cannot have any V- or Vi-successor at 2k + 3. Indeed, such a
Vo-successor 2z’ would have no Vy-predecessor at any moment before 2k + 3, and so, by (36)—(40),
would remain a Vj-successor of a” for k4 1 consecutive moments, which is impossible with only &
available slots; by a similar argument and (43), a® has no V;-successor at 2k + 3. Next, if in addition

>2VpC L (44)

holds in Z, then a has a V;-successor, x1, at 4k + 4. Indeed, using (44) and an argument similar
to the one above, one can show that if aZ has a Vj-successor z at 4k + 4 then z is different from
y1 and z cannot have Vjy-predecessors before 4k + 4. But then the pattern of Vj-successors required
by (37)—(40) would make it impossible for a¥ to have any Vj- or Vj-successor at 6k + 6, where z
has no Vj-predecessor.

Thus, we find ourselves in the same situation as at the very beginning of the construction, but
with z; in place of z(. By repeating the same argument again and again, we obtain domain elements
Zo, 1, ... and Yo, y1, . .. of the interpretation Z which are, respectively, V;- and Vj-successors of
a’ at the moments of time indicated in Fig. 8 by black points and intervals.

Step 2. We are now in a position to encode the N x N-tiling problem. Let us regard each 7' € ¥ as
a fresh concept name satisfying the disjointness concept inclusions

TNT CE L, for T #T. (45)
Consider the following concept inclusions:
AC JRNO,—3R, (46)
dR™ NO,-dR™ C Of2k+1row—start, A7
row-start C 35 M 0,38, (48)
38~ N0,-38" C |_| T. (49)
Tex

Intuitively, (46) says that a has an R-successor, say zg, at the moment 0, and no R-successors before
0. Then, by (28), zy has no R-predecessors before 0. Axioms (47)—(49) make sure that zy has an
S-successor, w, which is an instance of 7" at —(2k+ 1), for some tile 7. In this case, we say that T is
placed on zy (rather than on w). Tiles will also be placed on domain elements having S-successors
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Fig. 8. V- and V;-successors of a in a model of K.

with a specific pattern of concepts 35~ given by the following concept inclusions:

>2605 C 1, (50)
>25C 1, (51
TC [] ot bit] noofFtta3sT, (52)
1<i<6k+4
bit! €357, forl <i<k, (53)
. _ _ —-35~, ifi=lefi(T) .
I'c-3 I C ’ ’ forl <i< 4
bity & =357, bith+i & 35—,  otherwise, orlsi<h G
. _ ) =357, ifi = down(T), .
bitg41 £ -3, ity 14i E {HS— otherwise @) forl1 <i <k, (55
‘ _ , =357, ifi=up(T), .
bith, o, C =35, bty 0y C {3 i Otherwi’;é ) for1 <i <k, (56)
biti,, 3 C 35, bithy, 5y T —3S7, for1 <i <k, (57)
‘ _ , 35—, ifi = right(T), ,
bltgk+4 E EIS s bltgk+4+i E {ﬁas_ otherwife ( ) f0r 1 S (3 S k (58)

Suppose a domain element w is an instance of 7" at some moment ¢, for some 7' € T. Then w will
be an instance of 35~ at the moments ¢,...,¢t + k — 1. We think of this time interval on w (and,
as before, on zp) as the plug, or the P-section. After the plug we have a one-instant gap (where w
is an instance of —357). The gap is followed by a sequence of £ moments of time that represent
left(T') in the sense that only at the ith moment of the sequence, where ¢ = left(T'), w does not have
an S-predecessor. Then we again have a one-instant gap, followed by a sequence of k-moments
representing down(T') (in the same sense), another one-instant gap and a sequence representing
up(T) (see Fig. 9). At the next moment, ¢ + 4k + 3, w will be an instance of 35~ ; then we have
k gaps (i.e., ~3S57), called the socket, or the S-section. After the socket, at ¢ + 5k + 4, w is again
an instance of 357, and then we have a sequence of k¥ moments representing ‘inverted’ right(T'):
the ith moment of this sequence has an S-predecessor iff ¢ = right(T'). We note that, by (50), the
pattern of 35~ on w in Fig. 9 is reflected by the pattern of 35 on the S-predecessor zy of w at t,
which (partly) justifies our terminology when we say that tile T is placed on z; (rather than on w).

plug left(T) down(T) up(T) socket inverted right(T)
k k k k k k
w! ol o ol o lo y oo o olelo o olo
ZO 4I—Q 4I—Q L g O—O— —O0——O0——0O— AO—(?—V
t t+k t+2k+1 t+3k+2 t+4k+3 t+5k+4 t+6k+5

Fig. 9. Representing a tile using an S-successor.
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Fig. 10. The structure of a model of K.

Thus, if the concept inclusions above hold, a tile—denote it by Tpo—is placed on 2 at the mo-
ment —(2k + 1), or, equivalently, Ty is placed on an S-successor w of zy. The following concept
inclusions will ensure then that the tiling is extended properly along both axes:

JR™ MNO0,~3R™ C O.(3SUIRUIR™), (59)
JR™ NO,—~3R™ C 0O,—3R, (60)
Vo MdRCE L, (61)
IW,N3IR™ C 1, (62)
3SN3RC 1, (63)
dSndR™ C 1, (64)
JRMN3IR™C L. (65)

Indeed, consider the elements zy and w with the tile Ty placed on 2o at —(2k + 1). Then w has
gaps (i.e., no incoming S-arrows) at moments 0, down(Tyo), k + 1, k + 1 + up(Too), k gaps from
2k 4+ 3 to 3k + 2 and k — 1 gaps from 3k + 4 to 4k + 3 (one of the positions is not a gap because
of the inverted representation of right(Tyo)). By (59), each of those positions on zg must be filled
either by an outgoing S-arrow, or by an incoming R-arrow, or by an outgoing R-arrow. Consider
now what happens in these positions (see Fig. 10).

(1) We know that there is an incoming R-arrow at O (i.e., zg is an instance of 3R ™), and so, by (64)
and (65), zp cannot be an instance of 35 and IR at 0.

(2) The position at down(Tj) is filled by an incoming R-arrow using the following concept inclu-
sions (by (64), the incoming R-arrow can only appear at down(Tpo)):

AC || oF init-bot, (66)
1<i<k
init-bot C JR. (67)

(3) The position at k£ + 1 cannot be filled by an outgoing .S-arrow because that would trigger a new
tile sequence, which would require k S-arrows of the P-section, which is impossible due to (51).
Next, as we observed above, aZ belongs to 3V at all moments ¢ with k + 1 <7 < 2k + 1, and
s0, by (28) and (61), zp cannot have an incoming R-arrow at moment k + 1. Thus, the position
at k + 1 must be filled by an outgoing R-arrow. Thus, there is an R-successor z; of zp, which,
by (28), implies that z; has no incoming R-arrows before k + 1. Then, by (47)—(58), there will
be atile placedon z; at —k = (k+ 1) — (2k + 1).
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(4) Similarly, the position at k + 1 4+ up(T") must be filled by an outgoing R-arrow, which ensures
that the down-colour of the tile placed on z; matches the up-colour of the tile on 2.

(5) The k positions of the S-section from 2k + 3 to 3k + 2 cannot be filled by an incoming R-
arrow. On the other hand, the tile placed on z; has its up-colour encoded in this range, and so
an outgoing R-arrow cannot fill all these gaps either (as k > 1). So, zo has another S-successor
x1 in at least one of the moments of the S-section. By (48), (50), 1 does not belong to 35~
before —(2k+1). By (49), a tile is placed on 1 between —(2k+ 1) and 3k + 2, but, by (51) and
because the tile requires x; to be the S-successor for k£ consecutive moments of the P-section,
it is only possible at 2k + 2. Moreover, since the left- and right-sections of these tile sequences
overlap on zg, by (51), the adjacent colours of these two tiles match. This ensures that the k — 1
gaps of the inverted representation of the right-colour of the first tile are also filled.

Let s be the KB containing all the concept inclusions above and A. If 7 is a model of K then
the process described above generates a sequence 2, 21, . .. of domain elements such that each z;
has a tile placed on it at every 4k + 4 moments of time; moreover, the R-arrows form a proper
N x N-grid and the adjacent colours of the tiles match. We only note that the gaps at positions in the
down-section do not need a special treatment after the very first tile Ty at (0,0) because, for each
zi, the sequence of tiles on z;; will have their left- and right-sections, with no gap to be filled by
an incoming R-arrow; thus, the only available choice for tiles on z; is 3R.

We have proved that if K« is satisfiable then ¥ tiles N x N. The converse implication is shown
using the satisfying interpretation illustrated in Fig. 10. O

6.2. Undirected Temporal Operators: Decidability and NP-completeness

If we disallow the ‘previous time,” ‘next time,” ‘always in the past’ and ‘always in the future’ opera-
tors in the language of concept inclusions and replace them with ‘always’ (&) then reasoning in the
resulting logic T[}DL-Lite‘,’,\(fol becomes decidable and NP-complete.

Obviously, the problem is NP-hard (because of the underlying DL). However, rather surprisingly,
the interaction of temporalised roles and number restrictions is yet another source of nondetermin-
ism, which is exhibited already by very simple TBoxes with concept inclusions in the core fragment.
The following example illustrates this point and gives a glimpse of the difficulties we shall face in
the proof of the NP upper bound by means of the quasimodel technique: unlike other quasimodel
proofs [Gabbay et al. 2003], where only types of domain elements need to be guessed, here we also
have to guess relations between ABox individuals at all relevant moments of time.

Example 6.2. LetT ={AC>5R, >7®RC 1 }and
A={0rA(a), R(a,b1), R(a,bs), R(a,b3), OpR(a,b1) }.

The second concept inclusion of the TBox implies that, in any every model Z of (7, .A), a cannot
have more than 6 (@R)I—successors in total; thus, it can only have by, by, b3 and up to 3 RZ-
successors from outside the ABox. At moment 1, however, @ must have at least 5 RZ-successors,
including b;. Thus, one of the (¢ R)Z-successors in the ABox has to be re-used: we have either
T = OpR(a,by) or Z = OpR(a, bs).

Considernow 7 = {>6®RLC L, TC >4®R} and A = { R(a,b1), R(a,bz) }. Then, in
every model Z of (7, .A), either Z |= ® R(a, by) or Z |= B R(a, bs).

THEOREM 6.3. The satisfiability problem for T(?DL—Lite{,\({ol KBs is NP-complete.

PROOF. Let K = (T,.A) be a T;; DL-Lite)y, , KB. In what follows, given an interpretation Z, we
write (> ¢ @ R)” and (> ¢ ®R)7 instead of (> ¢ @ R)Z(™ and (> ¢ ®R)*("™), for n € Z, because
temporalised roles are time-invariant. As before, ob 4 denotes the set of all object names occurring
in A (we assume |ob 4| > 1) and rolex the set of role names in K and their inverses. Let Q7 C N
be the set (cf. p. 17) comprised of 1 and all ¢ such that one of > ¢gE R, > q R or > ¢ ® R occurs in
T and let Q 4 be the set of all natural numbers from 0 to |ob 4. Let gx = max(Q7+UQ 1)+ 1. First,
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we show that it is enough to consider interpretations with the number of @ R-successors bounded
by gk — 1 (see Appendix C for a proof):

LEMMA 6.4. Every satisfiable TﬁDL—Litejb\gol KB IC can be satisfied in an interpretation T with
(> g BR)T =0, for each R € rolex.

Next, we define the notion of quasimodel. Let Q 2 Q7 U Q 4 be a set of natural numbers with
max (@ = gx — 1. We assume that the usual order on the natural numbers in @ = Q U {w} is
extended to w, which is the greatest element: 0 < 1 < --- < gx — 1 < w. Let X consist of the
following concepts and their negations: subconcepts of concepts occurringin L and > ¢®8 R, > ¢ R
and > ¢ ®R, for all R € rolex and ¢ € Q). A X-type t is a maximal consistent subset of X:

(t;) C etiff -C ¢ t,foreach C € ¥,

() C1NCy etiff Cy,Cy € t,foreach C1 M Cy € 3,

(t3) if®C e tthenC € t, foreach®(C € X,

(ty) if > gR e tthen > ¢ R € t, foreach > ¢’ R € ¥ with ¢ > ¢’ (similarly for & R and ¢ R),
(t;) >0BR € tbut > wHER ¢ t, for each role R,

(tg) if >gB R etthen>qgR e tandif > qR € tthen > ¢®R € t, for each role R,

(t7) if > q®R € tthen > q® R € t, for each rigid role R.

Denote by Z 4 the set of all integers k such that at least one of O* A(a), O*—A(a), OFS(a,b) or
OF=S(a, b) occurs in A, and let Z O Z 4 be a finite set of integers.

By a (Z, X)-run (or simply run, if Z and ¥ are clear from the context) we mean a function r from
Z to the set of X-types. Concepts of the form B C, > q B R, > ¢ ® R and their negations are called
rigid. A run r is said to be coherent if the following holds for each rigid concept D in X:

(ry) if D € r(kg), for some ko € Z, then D € r(k) forall k € Z.

In the following, the runs are assumed to be coherent and so, for rigid concepts D, we can write
D € rinplace of D € r(k), for some (all) k € Z. The required R-rank of r at k € Z and the
required & R- and © R-ranks of r are defined by taking

R = maxgq € Q | >¢BERE Tﬁ,

Rk _ 0| >
of max{q€ Q|>qRerk)}, F =max{qeQ|>q®Rer

By the definition of ¥-types, oF < oftF < oF . Moreover, if R is rigid then oF = ¢¢% < w. For
flexible roles, however, the inequalities may be strict. A run r is saturated if the following hold:

(rz) for every flexible role R € roleg, if o7% < oo then

—there is ko € Z with oPF < oft*o and

—if additionally ¢®% < w, then there is k; € Z with k1 < o°F;
(r3) forevery BC ¢ r, there is kg € Z with C ¢ r(ko).

Finally, we call £ a consistent Z-extension of A if £ extends A with assertions of the form
OFS(a,b), for k € Z and a,b € ob 4, such that O*S(a,b) ¢ & for all O*~S(a,b) € A. Ex-
ample 6.2 shows that, given an ABox, we have first to guess such an extension to describe a quasi-
model. More precisely, we have to count the number of R-successors among the ABox individuals
in £. To this end, define the following sets, for a € ob 4, R € rolex and k € Z:

EDR = {b| O"R(a,b) € &, foralln € Z},

Rk _ k
€7 = {b[ O"R(a,b) € £}, ESR ={b| O"R(a,b) € &, forsomen € Z},

where, as on p. 17, we assume that £ contains O™S~ (b, a) whenever it contains O™S(a, b). We say
that a (Z, X)-run r is a-faithful for £ if
(ry) A€ r(k),forall OFA(a) € €, and A € r(k), for all O -A(a) € &;
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(r5) 0 < PR —|E0R| < otk —|gRk| < OF —|ESF| forall R € rolex and k € Z;’
(rg) forall R € role, if o'F — |EDF| < OF — L&?R\ then

—there is ko € Z with o7t — |EDE| < pR-ko — |gR:ko| and

—if additionally ¢® < w, then there is k; € Z with gfF1 — |ERk1| < O _ |ECE|,

Condition (rs5) says that the number of R-successors in the ABox extension £ does not exceed
the number of required R-successors: in view of [EXF| € Q4 C Q, we have > g R € r(k) for
q = |8(f“f (and similarly for @ R and ¢ R). Condition (r5) also guarantees that the number of
required R-successors that are not ABox individuals is consistent for ® R, R and ¢ R. In particular,
since [EDE| < |ESE|, it follows that o7t = % implies |EPF| = |97, and so O™ R(a,b) € &,
for all n € Z, whenever OkR(a, b) € & for some k € Z. Finally, (rg) is an adaptation of the notion
of saturated runs for the case of ABox individuals.

A quasimodel 9 for K is a quadruple (@, Z,R, ), where () and Z are finite sets of integers
extending Q7 U Q4 and Z 4, respectively, R is a set of coherent and saturated (Z, X)-runs (for X
defined on the basis of Q) and £ is a consistent Z-extension of A satisfying the following conditions:

(Qy) forallr e R, ke Zand C, C Cy € T,if Cy € r(k) then Cy € r(k);

(Q-) for all a € ob 4, there is a run r, € fR that is a-faithful for &;

(Qs) forall R € rolex, if there is 7 € R with p7F > 1 then there is ' € 3% with o™ > 1;

(Qy) for ?E)R S ro(l;,)c, if there is » € R with QER < Q?R then there exists 7’ € R with
QE/inv < Qilinv ]

Condition (Q) ensures that all runs are consistent with the concept inclusions in 7~ and (Qsz) that
there are runs for all ABox individuals; (Q3) guarantees that a @ R-successor can be found whenever
required and (Q4) provides R- (and thus ¢ RR-) successors whenever required. The following lemma
states that the notion of quasimodel is adequate for checking satisfiability of T(jDL-Lite‘l’,\(fol KBs:

LEMMA 6.5. A T;;DL-Lite,, ; KB K is satisfiable if and only if there is a quasimodel Q for K
such that the size of Q is polynomial in the size of K.

PROOF. (=) Let Z be a model of K. By Lemma 6.4, we may assume that, for each R € roleg,
the number of ® R-successors of any element in Z does not exceed gx — 1. We construct a
polynomial-size quasimodel Q = (Q, Z, R, £) for K. First, we select a set D of elements of AZ
that serve as prototypes for runs in 93: each v € D will give rise to a run r,, in R (after the set Z of
time instants has been fixed). Set Do = {a’ | a € ob 4} and then proceed by induction: if D,, has
already been defined then we construct D,, 1 by extending D,,, as follows:

— if D,,, N (3B R)T # 0 but D, N (3Binv(R))Z = () then we add some u € (FHinv(R))%;

— if there is ¢ with Dy, N ((= ¢®R)T \ (= ¢BR)T) # 0 but there is no ¢’ with Dy, N
(= ¢’ @inv(R))E\ (= ¢ Binv(R))T) # O thenaddu € (> ¢’ ®inv(R))*\ (> ¢" Binv(R))%,
for some ¢” (recall that, by Lemma 6.4, we assume that g, ¢’ and ¢” do not exceed gx).

When neither rule is applicable to D,,, stop and set D = D,,. Clearly, |D| < |ob 4| 4 2|rolex|.
For each u € D, let

pSR :max{q <qgx|ueC> qR)I},

OR _ JW; ifu e (> qc ®R)7,
Pu = max{q <gglue (> q<*>R)I}, otherwise.

We now choose time instants to be included in the runs fR. Let Z extend Z 4 with the following:

(Zo) forany u € D and BC € ¥ such that u ¢ (B C)Z, we add some n € Z with u ¢ CT(™);

TWe assume that w — n = w, for any natural number n.
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(Z,) forany u € D and R € rolex such that pPF < pSF we add
—some ng € Z withu € (> (p5F + 1) R)Z("0) and
—if additionally pS% < w, some n; € Z with u ¢ (> pSf R)Z(");
(Z3) for any a,b € ob 4 and R € rolex such that (aZ,b?) € (®R)%, we add
—some ng € Z with (a*,b%) € RT("0) and
—if (a,b%) ¢ (B R)Z, some n; € Z with (a”,b%) ¢ RT(™);
(Z3) forany a € ob and R € rolex such that pJff — |Z77| < pSFt —
—some no € Z with a® € (> (go + 1) R)Z(™), for gy = pF + (|ZFm0| — |Z7%|), and
—if p < w, some n; € Z with a* ¢ (> q1 BT, for g = pOF — (|I2F| — |ZEm)),
where Z%* = {b € ob4 | (a®,b%) € RT®} and ZDF and ZO* are defined similarly.
Clearly, | Zy| < | < 2|D|-|rolex|, | Zo| < 2|ob|?-|rolex|and | Z3| < 2-|ob 4] -|rolex|.
Thus, |Z| = O(|K|?). The time instants in Zy, Z; and Z, exist because Z = K. We now show

that ng required in Z3 also exists. Suppose, on the contrary, that aZ ¢ g?> Go+1)R (") with
qo as above, for all n € Z. Then a” has at most (pSf* + (|ZF"| — |27 many R successors

whence the number of non-ABox R-successors of aZ does not exceed pa — |Z9E|. So, at all

instants n €7z, cvery R-successor of aZ is either in ob 4 or is in fact a @ R-successor, contrary to
P — |IFE| < pSOft — |27 |. Using a similar argument, one can show that ny required in Z3 exists
as well. Having fixed Z , we define a consistent Z-extension £ of A by taking

E = AU {O"S(a,b) | (a%,0%) e 8T ™ andk e Z }.
Let @ be the set comprising @7, @ 4 and, for any v € D and R € roley, the integers from

P, p® and max{q < gc |ue€ (> qR)I(k)}, fork € Z.

By definition, max Q = gk — 1 and |Q| < |Q7| + |Q.a] + | D] - |rolex| - (2+ |Z|). Let R be the set
of (Z,%)-runs r,,, for u € D, defined by taking, for each k € Z,

->wRer,(k)iffue (> g R)*(*) and > w®R € ro (k) iffu € (> g ®R)T,
— C € ry(k)iff u € CT5), for all other concepts C' € X.

Since Z |= K and 7 is as in Lemma 6.4, each r,, (k) is a X-type. Each r, € 2 is a coherent and
saturated (Z,X)-run: (r;) holds because Z = K; (r3) and (rp) are due to Zy C Z and Z; C Z,
respectively. Since Z = &, each run r,z is a-faithful for £. Indeed, (ry) is due to Z4 C Z. To
show (r5) and (rg), observe that, by deﬁn1t10n |5R k| \ TE-*| and, since Z> C Z, we also have
|£‘:‘R| = |Z07| and |EXT| = |I°R| moreover, 0,7 , o/, ,Q<§R € Q and, for each ¢ < gi, we have
a® € (> qR)™™ iff Qf; % > ¢ (and similarly for & R and ®R). Then (r5) follows from the choice
of £ and (rg) from Z3 C Z. We claim that Q = (Q, Z,R, £) is a quasimodel for X: (Q;) holds by

definition and (Q2)—(Q) follow from the choice of D. Finally, as |£] < |A| + |Z| - [ob4|? - |rolex|
and || < |ob_4| + 2|rolex|, the quasimodel is of polynomial size.

(<) LetQ = (Q, Z, R, £) be a quasimodel for K. We construct an interpretation Z satisfying /C,
which is based on some domain A7 that will be defined inductively as the union

AI = Umzo A'm" Where Am g A'm,-i,-l, fOI‘ aH m Z O

Each set A,,,+1 (m > 0) is constructed by adding to A,,, new domain elements that are copied from
the runs in R; similarly to the proof of Theorem 4.1 in Appendix A, the function cp: AT — R
keeps track of this process. In contrast to the proof of Theorem 4.1, however, the runs are defined
on a finite set, Z, and so we need to multiply (and rearrange) the time instants of Z when creating
elements of AZ from runs in fR. To this end, for each u € AZ, we define a function v,,: Z — Z
that maps each time instant n € Z of u € A7 to its ‘origin’ v, (n) € Z on the run cp(u). Since the
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constructed interpretation Z may contain infinite sequences of domain elements related by roles, we
will need to ensure that each 3-type of the run appears infinitely often along Z (note, however, that
the actual order of time instants is important only for Z 4, the instants of the ABox).

The interpretation of role names in Z is constructed inductively along with the construction of the
domain: ST(") = Upso S™™, where S™™ C A, x Ay, form > 0. Given'm > 0 and u € Ay,
we define the actual S-rank at moment n € Z and the actual ® S- and & S-ranks on step m:

os / i k,m
S , , nm Taom = tHu € Ay | (u,u') € S&™, forall k € Z},
Tum = B € Am | (u,0) € 577, o5 =t{u € A, | (u,u') € SB™, for some k € Z}.

The actual S~-, B.S~ - and ©5~ -ranks are defined similarly, with (u,u’) replaced by (u', u). Let

OR

OR _ OR OR Rn
6u,m = 0 5u,m — Tu,m:*

_ Ry, (n)
)~ Ta, w(n) _

R, OR _ OR
= 0y T Tuym A Oy = Q)
The inductive construction of the domain and sets S™™ will ensure that, for each m > 0, the
following holds for all uw € A, \ A,,_1 (for convenience, we assume A_; = ()):

(fn) Tﬁﬁl < w, forall R € rolex;
n) 0 < &% < &fn < 6% forall R € rolex and all n € Z;

u,m>

(df) for all R € rolex, if 6% < 6°F then

=0 < &, for inﬁnitely ma;ly n € Z, and
—if additionally 537% < w, then 557’[,3 < 5,371,%", for infinitely many n € Z.
Note that, by (fn), 57, and the 3.7 are well-defined and 6, = w is just in case g0)( ) = w.
For the basis of induction (m = 0), set Ay = ob4 and a = a, for each a € ob 4. By (Q>), for
each a € Ay, there is a run 7, € fR that is a-faithful for €. So, set cp(a) = r, and take v, = v,
for some fixed function v: Z — Z such that v(k) = k and v~ (k) is infinite, for each k € Z. For

every role name S, let
S™0 = L(a,b) € Ag x Ag | O™ S(a,b) € £}, for n € Z. (68)

By definition, 70§ = |EDF|, 75" = 1EX™) forall n € Z, and 79K = [E9F|. For each a € Ay,
(fn) is by construction, (rn) is' immediate from (rs) and (df) follows from (rg) and the fact that
v~1(k) is infinite, for each k € Z.

Assuming that A,,, and the S™" have been defined and (fn), (rn) and (df) hold for some m > 0,
we construct A, 1 and the S™™*! and show that the properties also hold for m + 1. By (rn),
for all u € A,, and R € rolex, we have 6%t > 0, 65 > 0, for all n € Z, and 6%, > 0. If
these inequalities are actually equalities then we are done. However, in general this is not the case
as there may be ‘defective’ elements whose actual rank is smaller than the required rank. Consider
the following four sets of defects in S™™, for R=Sand R = S:

B = {ueAp, \Ap_1]|0< 65’121 and AZp = {ueA,\An_ | 53’}; < 51<L>7R

mJ*

The purpose of AT is to identify elements u € A, \ A,,_; that should have ggi?u)—many distinct

& R-arrows (according to £), but some arrows are still missing (only Tﬁﬁ arrows exist in A,,).

The purpose of AZ is to identify elements v that should have Qfﬁu)-many distinct © R-arrows

(according to ), but some arrows are still missing—only Tiﬁl arrows exist in A,,, and TE}; of
those are in fact ® R-arrows. Although & R-arrows are also & R-arrows, their defects are repaired
using a separate rule; and defects of R-arrows are dealt with as part of repairing defects of ¢ R-
arrows. The following rules extend A, to A,,+; and each S™" to Snm+l.
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(AZe) If 6DS > 0 then Q (u) > 1. By (Q3), there is ' € R such that g © > 1. We add

q= 5 >, copies vy, ..., g of the run 7 to A, 1 and set cp(v;) = 17, add (u, v;) to gnmtl
for all n € Z, and let vy, : Z — Z be such that v, ! (k) is infinite, for each k € Z.

(AZg) Let Kbe {i | 0 <i <455, — 55‘%} if 655, <wand {i | 0 <i < gc + 1} otherwise.
By assumption, K # (). We attach | K| fresh & S-successors to u so that the required & S-, S-
and & S-ranks coincide with the respective actual ranks at step /m + 1. By (rn) and (df), there
exists a function y: Z — 2K guch that, for each i € K, there are infinitely many ng € Z with

i ¢ v(no) and infinitely many n; € Z with i € y(n;), and for all n € Z,

()| = On — 05, i <w,
qrc, otherwise.
By assumption, we have Qcp(u) — TR < Oty — Tums by definition, 7% < 700 and,

by (fn), 7% < w, whence Qcp(u) < o° - Therefore, by (Qq), there exists ' € R with

Lp(u
0¥ < grS . We add | K| fresh copies v1, ..., v|k| of ' to A, 41 and, for each i € K, set

cp(v;) = r' and, for every n € Z, add (u,v;) to S©™FLiff i € y(n). Let

= kez |0 =050 k), 299 = R
" " ’ 0, otherwise.

For each v;, we take a function v, : Z — Z such that each v, ! (k) is infinite, for k € Z, and

— ifk € Z95 theni ¢ ~(n), for each n € v ' (k);

—ifk € Z\ (Z%% U Z®5 )theni € y(n) for infinitely many n € v, ' (k) and i ¢ (n)
for infinitely many n € v *(k);

— if k€ Z°% theni € y(n), foreach n € v (k)

(see Fig. 11). Intuitively, if k is such that not every S-predecessor is required to be a & .S-
predecessor then there should be infinitely many copies of k£ with (u,v;) € S™™*1; symmet-
rically, if & is such that not every & S-predecessor is required to be an S-predecessor, there
should be infinitely many copies of & with (u, v;) ¢ S™™TL,

(ATs-) and (AT ) are the mirror images of (Ag) and (AZy), respectively.

By construction, the rules guarantee that, for any m > 0 and u € A,,,

0=08 1 = om | = 6% ., forall R € role and all n € Z. (69)

We now show that (fn), (rn) and (df) hold for each v € A, 1 \ A,,,. Indeed, (fn) holds because
TU m+1 < 1.In the case of (A{fs), property (rn) follows from

S~ S5 n S , Uy S~
1= TEm+1 = Tom+1 = Ti?m+1 = Qcp(v) = Qcp(v) ) < = Q<c>p(v)7 (70)
Rn —
0= TE]'r?szl Tv m+1 1?]77%1+1 = Qcp(v) = Qcp(v)( ) S Qfﬁ )’ forall R # S (71)

Then (df) is by the definition of v,,. The case of (A _) is similar. For the case of (A7), we observe
that, for each R # S—, we have (71), and so (rn) and (df) follow as above Let us con51der S—.
By (r2), both Z\ Z°%" and Z\ Z"% " are non-empty. It follows that Tomi1 =0and 705 | = 1. By

Lp(u) —1.Clearly, Z°5 nZ°S™ =0.

If there is k € Z°S then Qw(v) CPS(U) and 7 el = 1, for all (infinitely many) n € v, ' (k),

whence the first item of (df) holds; otherwise, there is k € Z \ (Z7% U Z°9") and therefore,

definition, we also have (rn). To show (df), suppose QL p( U) < Q
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grmogr= (B B B

os 1,

Oop(u)=

T [] e 115 R

Fig. 11. Repairing defects of u: the required S rank, g ( ) of u is specified inside the mrcular nodes. Rule (AZ'g) uses

run '/ to create v1; (A'q) uses copies of run 7/ to create vg and vz. The required S~ -rank, g ) of the created points
is specified inside the square nodes. Note that, at instant k3, the element v3 requires an S- predecessor different from w.

Oty < 0oy and 75ty = 0, for infinitely many n € v, (k), whence the first item of (df)
holds. The second item of (df) is obtained by a symmetric argument.

The definition of Z is completed by taking AZ(™) = {u € AT | A € r(v,(n)), r = cp(u)}, for
each concept name A. Observe that Z = & because each v,, a € ob 4, coincides with the fixed v.
Next, we show by induction on the construction of concepts C' in K that

C € r(vy(n)) withr = cp(u) iff  we T, foralln € Z and u € A”.

The basis of induction is by definition for C' = | and C = A;; for C' = > ¢ R it follows from (69)
and the fact that arrows to u € A, \ A,,—1 can be added only at steps m and m + 1 as part of
the defect repair process. The induction step for C' = =C; and C' = C; M Cj follows from the
induction hypothesis by (t1) and (t2), respectively. The induction step for C' = &', follows from
the induction hypothesis by (t), (t3), (r1) and (r3). Thus, by (Q;), Z = T.

It remains to show Z |= A. By the definition of € and Z, if O¥ A(a) € A then Z = OF A(a) and
if O*—A(a) € Athen Z = OF—A(a). If O*S(a,b) € A then, by (68), (af,b%) € S*O, whence
T = OFS(a,b). If O*=S(a,b) € A then (af,b%) ¢ &, whence (af,b%) ¢ S0 by (68), and so
T = OF=S(a, b) as no new arrows can be added between ABox individuals. O

We are now in a position to establish the NP membership of the satisfiability problem for
T; DL-Lite)Y,, KBs. To check whether a KB K = (7, A) is satisfiable, it is enough to guess a
structure Q = (Q, Z, R, £) consisting of a set R of runs and an extension £ of the ABox A, both of
which are of polynomial size in |XC|, and check that £ is a quasimodel for K. NP-hardness follows
from the complexity of DL-Litep,,;. This completes the proof of Theorem 6.3. O

7. CONCLUSIONS

Logics interpreted over two- (or more) dimensional Cartesian products are notorious for their bad
computational properties, which is well-documented in the modal logic literature (see [Gabbay et al.
2003; Kurucz 2007] and references therein). For example, satisfiability of bimodal formulas over
Cartesian products of transitive Kripke frames is undecidable [Gabelaia et al. 2005]; by dropping
the requirement of transitivity we gain decidability, but not elementary [Goller et al. 2012]; if one
dimension is a linear-time line then the complexity can only become worse [Gabbay et al. 2003].
The principal achievement of this article is the construction of temporal description logics that
(i) are interpreted over 2D Cartesian products, (ii) are capable of capturing standard temporal
conceptual modelling constraints, and (iii) in many cases are of reasonable computational com-
plexity. Although TDLs TjpDL-Litel,, and T5DL-Lite)y, . capturing lifespan cardinalities to-
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gether with qualitative or quantitative evolution, turned out to be undecidable (as well as TDLs
with unrestricted role inclusions), the complexity of the remaining ten logics ranges between
NLOGSPACE and PSPACE. We established these positive results by reductions to various clausal
fragments of propositional temporal logic (the complexity analysis of which could be of interest on
its own). We have conducted initial experiments, using two off-the-shelf temporal reasoning tools,
NuSmv [Cimatti et al. 2002] and TeMP [Hustadt et al. 2004], which showed feasibility of automated
reasoning over TCMs with both timestamping and evolution constraints but without sub-relations
(Trpx DL—Liteﬁofol). Many efficiency issues are yet to be resolved but the first results are encourag-
ing.

The most interesting TDLs not considered in this article are probably T}PXDL-thef{{m and
Trpx DL—Litef,./om. We conjecture that both of them are decidable. We also believe that the former
can be used as a variant of temporal RDFS (cf. [Gutiérrez et al. 2005]).

Although the results in this article establish tight complexity bounds for TDLs, they can only
be used to obtain upper complexity bounds for the corresponding fragments of TCMs; the lower
bounds are mostly left for future work [Artale et al. 2010].

The original DL-Lite family [Calvanese et al. 2007] was designed with the primary aim of
ontology-based data access (OBDA) by means of first-order query rewriting. In fact, OBDA has
already reached a mature stage and become a prominent direction in the development of the next
generation of information systems and the Semantic Web; see [Polleres et al. 2013; Kontchakov
et al. 2013] for recent surveys and references therein. In particular, W3C has introduced a special
profile, OWL 2 QL, of the Web Ontology Language OWL 2 that is suitable for OBDA and based on
the DL-Lite family. An interesting problem, both theoretically and practically, is to investigate how
far this approach can be developed in the temporal case and what temporal ontology languages can
support first-order query rewriting; see recent [Gutiérrez-Basulto and Klarman 2012; Motik 2012;
Artale et al. 2013; Baader et al. 2013; Borgwardt et al. 2013] for some initial results.

ELECTRONIC APPENDIX
The electronic appendix for this article can be accessed in the ACM Digital Library.
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A. PROOF OF THEOREM 4.1
THEOREM 4.1. A TysDL-Lite),, KB K = (T,.A) is satisfiable iff the QT L* sentence KT is
satisfiable.

PROOF. (=) Let 91 be a first-order temporal model with a countable domain D and 9, 0 |= Kt
Without loss of generality we may assume that the o™, for a € ob 4, are all distinct. We are going
to construct a TugDL-Lite{,\(fol interpretation Z satisfying K and based on some domain A that will
be inductively defined as the union

AT = Umzo A, where Ag={a"|acobs} CD and A, C A,yq, form > 0.

The interpretations of object names in Z are given by their interpretations in 9t: aZ = o™ € A,.
Each set A, 11, form > 0, is constructed by adding to A,,, some new elements that are fresh copies
of certain elements from D \ Ag. If such a new element w is a copy of v’ € D\ Aq then we write
¢p(u) = o/, while for u € Ay we let cp(u) = u.

The interpretation AZ(") of each concept name A in Z is defined by taking

AT — {ue AT | M, n = A*ep(u)]}. (72)
The interpretation SZ("™) of each role name S in 7 is constructed inductively as the union

§Z(n) — U - s where S™" C A, X A, forallm > 0.

We require the following two definitions to guide our construction. The required R-rank Qf’" of
d € D at moment n is

0g" = max({0} U{q € Q7 | M,n |= E,R[d]}).

By (5), 95’" is a function and if 95"" = ¢ then M, n = Ey R[d] for every ¢’ € Q1 with ¢’ < g,
and (M, n) = ~Ey R[d] for every ¢’ € Q7 with ¢’ > ¢. We also define the actual R-rank 7573 of
u € AT at moment n and step m by taking

rhn — max({O} U{q e Qr | (u,u1),...,(u,uqy) € R™™ for distinct uq,...,u; € AI}),

u,m

where R™™ is S™™ if R = S and {(v/, u) | (u,u') € S™™}if R = S, for a role name S.
For the basis of induction, for each role name S, we set

S”’Oz{(az,bz)eron|S(a,b)€A,€}, forneZ (73)

(note that S(a,b) € A3 forall n € Z if O*S(a,b) € A, for a rigid role name S). It follows from
the definition of A" that, for all R € rolex and u € Ay,

ool < o (74)

DOT : http://dx.doi.org/10.1145/2629565
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Suppose that A,,, and the S™™ have been defined for some m > 0. If, for all roles R and u € A,,,
we had 7'5’;,2 = ,957’(2) then the interpretation of roles would have been constructed. However, in

general this is not the case because there may be some ‘defects’ in the sense that the actual rank
of some elements is smaller than the required rank. Consider the following two sets of defects in
S

AR™ = {ueAp\Apy | TF Cpu)} for R € {S,S7}

(for convenience, we assume A_; = (). The purpose of, say, A¢"™" is to identify those ‘defective’
elements u € A, \ A,,,—1 from which precisely gs’(" ) distinct S-arrows should start (according to

1), but some arrows are still missing (only Tu v arrows exist). To ‘repair’ these defects, we extend
Ay, to Apyyq and S™™ to S™™FL according to the following rules:

(AS™) Letuw € AG™. Denote d = cp(u) and ¢ = gcp(u) — 7. Then M, n |= Ey S|d] for
some ¢ > ¢ > 0. By (5), we have M, n = FE,5[d] and, by (7), there is d’ € D such that
9N, n = £1S7[d']. In this case we take q fresh copies u}, . .., uy of d’ (so ep(uj) = d'), add
them to A, and add the pairs (u, u}), ..., (u,u}) to S™™ 1 If S is rigid we add these
pairs to all ¥+ for k € 7Z.

(AS™) Letu € AY™. Denote d = ¢p(u) and ¢ = LP(J)’ — 75 " Then M, n = E,S~[d] for
q > q> 0.By(5),MM,n = E.5[d] and, by (7), there is d’ € D with M, n = E1S[d].
In this case we take g fresh copies u,...,u; of d’, add them to A,,;; and add the pairs

(uh,u), ..., (uf,u) to S™™ 1 If S is rigid we add these pairs to all S*™*! for k € Z.
Now we observe the following property of the construction: for all mg > 0 and u € A, \ Appg—1,

0, if m < mo,

hn g, if m = my, for some ¢ < o*

w,m s
o)
Qep(u) if m > my.

(75)

Cp(u)’

To prove this property, consider all possible cases. If m < mg then u ¢ A,,, i.e., it has not been
added to A, yet, and so Tf’ =0.Ifm = mg = 0 then 714" < QR’" by (74). If m = mg > 0

Tu,m ep(u)
then u was added at step mg to repair a defect of some u’ € A,,,_1. This means that either

(w/,u) € S™™0 and v’ € AL, or (u,u’) € S™™0 and v € Agfno*l, for a role name S.
Consider the first case. Since fresh witnesses v are picked up every time the rule (A"’mo_l) is
applied and those witnesses satisfy 9, n = E1S~ [cp(u)], we obtain 75 = 0, 77 " = 1 and

u mo u,mo
oS
cp(U)
by applying the rules (A'¢"™°) and (A§""°). Therefore, 7. y- I m > mg + 1 then (75)

w,mo ‘Qcp(u
follows from the observation that no new arrows involving u can be added after step mg + 1.
It follows that, for all R € rolex, ¢ € Q7. n € Zand u € A%,

> 1. The second case is similar. If m = mg+1 then all defects of u are repaired at step mo—+1

M,n = E,R[cp(u)] iff ue (>qR)TM™. (76)
Indeed, if M, n = E,R[cp(u)] then, by definition, gi’{;) > q. Letu € Ay \ Apyy—1. Then,
by (75), Tt = Qcp(::) > g, for all m > my. It follows from the definition of 7'51,2 and RZ(™)

that u € (> qR)I(") Conversely, letu € (>qR)*™ and u € Ay, \ Amo 1. Then, by (75),
we have ¢ < T, u = Qcp(u) for all m > my. So, by the definition of gcp(u) and (5), we obtain
M. n = EqRlep(u)].
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Now we show by induction on the construction of concepts C' in KC that
M, n = C*[ep(u)] iff  we ™, foralln € Z and u € AT,

The basis of induction is trivial for C = L and follows from (72) if C = A; and (76) if C = > ¢ R.
The induction step for the Booleans (C' = —C; and C' = C; N C2) and the temporal operators
(C=C1UCyand C = Cy S Cy) follows from the induction hypothesis. Thus, Z = 7.

It only remains to show that Z = A. If O"A(a) € A then, by the definition of A" and (72),
T = O"A(a). If O"-A(a) € A then, analogously, Z = O"—A(a). If O"S(a,b) € A then,
by (73), (a®,b%) € S™°, whence, by the definition of SZ(™), Z |= O"S(a,b). If O"=S(a,b) € A
then, by (73), (a%,b%) ¢ S™0, and so, as no new arrows can be added between ABox individuals,
T = 0"=S(a,b).

(=) is straightforward. O

B. PROOF OF THEOREM 4.5

THEOREM 4.5. The satisfiability problem for the core fragment of TUSDL—Lite’,ﬁ\(C{,] KBs is
PSPACE-complete.

PROOF. The proof is by reduction of the halting problem for Turing machines with a polyno-
mial tape. We recall that, given a deterministic Turing machine M = (Q,T',#, %, 9, qo, ¢f) and a
polynomial s(n), we construct a TBox 7T, containing concept inclusions (8)-(13), which we list
here for the reader’s convenience:

Hiy C© LUH 1y, HigE LUSiw, ifd(g,a)=(¢,d',R)andi < s(n), (8)

HigC LUH_ 1)y, HiqCT LUS;e, ifd(g,a)=(¢,a’,L)andi>1, )

H; © 1LUD;, (10)
D;MD,C L, ifi 4, (11
Sia E Sia U Dy, (12)
H, C L. (13)

For an input @ = a; . . . a,, of length n, we take the following ABox Ajz:
Hiyy(d), Sia; (d), forl <i<mn, Siz(d), forn < i< s(n).

We show that (75, .Az) is unsatisfiable iff M accepts . We represent configurations of M as tuples
of the form ¢ = (b1 ... bs(), 7, q), Where by ... by(y,) is the contents of the first s(n) cells of the tape
with b; € T, for all j, the head positionis ¢, 1 < ¢ < s(n), and ¢ € @ is the control state. Let Z be
an interpretation for Ky z. We say that Z encodes configuration ¢ = (by ... by(y), i, q) at moment k
it & € H.\*) and d* € S, forall 1 < j < s(n). We note here that, in principle, many different
configurations can be encoded at moment k in Z. Nevertheless, any prefix of a model of (7, Az)
contains the computation of M on the given input a:

LEMMA B.1. Letcq,...,c, be a sequence of configurations representing a partial computa-
tion of M on d. Then every model T of (Trr, Az) encodes ¢y, at moment k, for 0 < k < m.

PROOF. The proof is by induction on k. For £ = 0, the claim follows from Z = Az. For
the induction step, let Z encode ¢, = (b1...b;...bs(n),%,q) at moment k, and let ¢ 1 be
(bi... b} ... bs(n),i',q'). Then we have ¢ € Q \ {qy}. Consider first §(q, b;) = (¢', b}, L), in which

case i > land ¢/ = i — 1. Since &% € Hin(k) we have, by (10), d* € DiI(kH) and, by (9),

A= H(Il(_k;g;,) and df € Sigkﬂ). Consider cell j, 1 < j < s(n), such that j # i. By (11),

dr ¢ Df(]”l), and so, since d* € Sj.Ib(jk), we obtain, by (12), d* € Sij(ij). Hence, T encodes ¢y, 41
at moment k + 1. The case of 6(q, b;) = (¢, b}, R) is analogous. O

s Vg
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It follows that if M accepts d then (7T, Aa) is unsatisfiable. Indeed, if M accepts @ then the

computation is a sequence of configurations cg, . . . , ¢, such that ¢,,, = (by ... bs(n)» 59 7). Suppose

(Tar, Ag) is satisfied in a model Z. By Lemma B.1, d* € H;, I(m) , which contradicts (13).
Conversely, if M rejects @ then (Tys,.Az) is satisfiable. Let ¢, -- -, Cm be a sequence of con-

figurations representing the rejecting computation of M on @, ¢z, = (b1 k, - -, Ds(n) k> Ik, Gk)» foOr

0 < k < m. We define an interpretation Z with A7 = {d}, d* = d and, foreverya € T', ¢ € Q,
1 <i < s(n)and k > 0, we set (note that ¢,, is a rejecting state and so, §(gy, a) is undefined):

Hz(k) AI, if k<m,i=1i,andq= q,
[Z), otherwise,
AT if k<manda= by,

I(k) AT, if k=m+1landa = b; .,
0, otherwise,

AT, if 0<k<m+landi=is_1,
DI = AT if k=m+2
0, otherwise.

It can be easily verified that Z = (Tas, Az)-

C. PROOF OF THEOREM 6.3

LEMMA 6.4. Let K be a T;DL-Lite}Y.,,, KB and qx = max(Qr U Q) + 1. If K is satisfiable
then it can be satisfied in an interpretation I such that (> qx B R)T = 0, for each R € rolex.

PROOF. Let Z |= K. Without loss of generality, we will assume that the domain AZ is at most
countable. Construct a new interpretation Z* as follows. We take A x N as the domain of Z* and
setal” = (at,0), for all @ € ob 4. For each n € Z, we set

AT = {(u,i) | u e AT™ i eN}, for every concept name A,
ST — {((u,i), (v,4)) | (u,v) € ST e N}, for every role name S.

It should be clear that Z* = K.
Suppose that u € A7 has at least ¢ic-many & R-successors in Z and assume that the pairs

((uvi)v (uhi))’ e ((u,i)7 (ulmfhi))’ ((u’i)v (uq;mi»’ e

are all in (B R)”". We can also assume that if (u,0) = a” , for some a € ob 4, then j < gx. We
then rearrange some of the R-arrows of the form ((u, i), (u;, ")), simultaneously at all moments of
time, in the following manner. We remove ((u,1), (u;,7)) from (8 R)Z", for all j and 4 such that
J 2> gqx ori > 0. Note that this operation does not affect the & R-arrows to the ABox individuals. To
preserve the extension of concepts of the form > ¢ B R, we then add new & R-arrows of the form
((u, 1), (uj,i")), fori > i’ > 0,to (B R)" in such a way that the following conditions are satisfied:

—for every (u;, '), there is precisely one @ R-arrow of the form ((u, 7), (u;,")),
—for every (u, %), there are precisely (gx — 1)-many @ R-arrows of the form ((w, 1), (uj,i)).

Such a rearrangement is possible because Z* contains countably infinitely many copies of Z. We
leave it to the reader to check that the resulting interpretation is still a model of /.

The rearrangement process is then repeated for each other u € A with at least gx-many & R-
successors. [J
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