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atio-tem

p
oral

L
ogics

U
n
iversity

of
O

x
ford

5th
A

u
gu

st,
2007

1



•
A

top
ological

sp
ace

is
a

p
air

〈X
,O

〉
w

h
ere

O
is

a
collection

of

su
b
sets

of
X

s.t.
....

•
L
et
X

b
e

a
top

ological
sp

ace
an

d
p

a
su

b
set

of
X

.
T

h
en

−
(

(p
−

0)
0
−
)

∪
p
−

0
=
X
.

•
C

h
an

gin
g

n
otation

sligh
tly,

w
e

ob
tain

th
e

m
o
d
al

logic
form

u
la

¬
2
¦

2
¦
p
∨

2
¦
p

w
h
ich

h
ap

p
en

s
to

b
e

an
S
4-th

eorem
.

•
M

ore
gen

erally,
M

cK
in

sey
an

d
T
arsk

i,
1944,

sh
ow

ed
:

T
h
e
o
r
e
m

:
L
et
φ

b
e

a
form

u
la

of
m

o
d
al

logic.
T

F
A

E
:

1.
φ

is
an

S
4-th

eorem
;

2.
φ

is
valid

in
th

e
class

of
top

ological
sp

aces;

3.
φ

is
valid

in
X

,
w

h
ere

X
is

an
y

d
en

se-in
-itself,

sep
arab

le

m
etric

sp
ace.

2



•
C

on
sid

er
th

e
form

al
lan

gu
age

T
:

–
T
e
rm

s:
τ

::
x
|
0
|
1
|
−
τ
|
τ
1
∪
τ
2
|
τ
1
∩
τ
2
|
τ
−
|
τ

0

–
S
ta

te
m

e
n
ts:

φ
::

τ
1

=
τ
2
|
φ

1
∧
φ

2
|
¬
φ
.

•
A

n
in

te
rp

re
ta

tio
n

for
T

is
sim

p
ly

a
top

ological
sp

ace
X

(b
elon

gin
g

to
som

e
class),

w
ith

variab
les

ran
gin

g
over

P
(X

).

•
U

sin
g

th
e

ob
v
iou

s
sem

an
tics

for
th

e
ab

ove
p
rim

itives,
w

e
ob

tain

th
e

n
otion

of
a
T

- valid
ity

.
F
or

ex
am

p
le:

|=
−
(

(p
−

0)
0
−
)

∪
p
−

0
=

1

•
T

h
e

M
cK

in
sey

-T
arsk

i
th

eorem
tells

u
s

th
at

th
e

logic
of

T
,
over

th
e

class
of

all
top

ological
sp

aces,
or

in
d
eed

over
an

y
sin

gle

d
en

se-in
-itself,

sep
arab

le
m

etric
sp

ace
X

,
is

(in
eff

ect)
th

e
logic

S
4.

In
p
articu

lar,
th

e
corresp

on
d
in

g
satisfi

ab
ility

p
rob

lem
s

are

P
S
P
A

C
E

-com
p
lete.

3



•
If
X

is
a

top
ological

sp
ace,

a
su

b
set

u
⊆
X

is
regu

lar
op

en
if
u

is
eq

u
al

to
th

e
in

terior
of

its
closu

re:
u

=
(u

−
)
0.

•
th

e
set

of
regu

lar
op

en
su

b
sets

of
X

is
d
en

oted
R

O
(X

).

•
(R

O
(X

),⊆
)

is
alw

ay
s

a
(com

p
lete)

B
o
olean

algeb
ra

u
n
d
er

th
e

in
terp

retation
:

1
=
X

x
·
y

=
x
∩
y

0
=

∅
x

+
y

=
(x

∪
y
)
−

0

−
x

=
(X

\
x
)
0.

It
is

called
th

e
regu

lar
op

en
algeb

ra
of
X

.

•
T

h
e

valid
form

u
la

in
th

e
p
rev

iou
s

ex
am

p
le

states
(in

eff
ect)

th
at

th
e

regu
lar

op
en

sets
are

ex
actly

th
ose

of
th

e
form

p
−

0.

4



•
T

h
is

lead
s

to
th

e
follow

in
g

fragm
en

t
of

T
:

–
take

variab
les

to
ran

ge
on

ly
over

regu
lar

op
en

sets

–
take

atom
ic

form
u
las

to
b
e

on
ly

th
ose

of
th

e
form

s

D
C

(x
,y

)
≡
x
−
∩
y
−

=
0

E
C

(x
,y

)
≡
x
∩
y

=
0
∧
x
−
∩
y
−
6=

0

etc.

O
N

T
P
P

T
P
P

E
C

D
C

•
C

all
th

is
lan

gu
age

R
C
C

8
(E

gen
h
ofer

an
d

F
ran

zosa,
B

en
n
ett

...).

•
F
or

ex
am

p
le,

|=
E

C
(x
,y

)
∧

N
T

P
P

(y
,z

)
→

(O
(x
,z

)
∨

T
P

P
(x
,z

)
∨

N
T

P
P

(x
,z

))

5



•
W

e
can

ex
ten

d
R
C
C

8
b
y

ad
d
in

g
fu

n
ction

sy
m

b
ols

+
,
·
an

d
−

d
en

otin
g

th
e

ob
v
iou

s
op

eration
s

in
R

O
(X

).

•
C

all
th

is
lan

gu
age

B
R
C
C

8
(W

olter
an

d
Z
ak

h
aryasch

ev
,
2000)

•
F
or

ex
am

p
le,

w
e

h
ave

th
e

valid
ity

|=
E

C
(x
,y

+
z
)
→

(E
C

(x
,y

)
∨

E
C

(x
,z

)).

T
h
e
o
r
e
m

:
S
at-R

C
C

8
is

N
P

-h
ard

.
S
at-B

R
C
C

8
is

in
N

P
.

6



•
R

etu
rn

in
g

to
th

e
lan

gu
age

T
,
on

e
can

ex
ten

d
to

ob
tain

a

lan
gu

age
T
C

b
y

ad
d
in

g
an

ad
d
ition

al
u
n
ary

p
red

icate
c:

–
T
e
rm

s:
...

–
S
ta

te
m

e
n
ts:

φ
::

...
|
c(τ

)

w
ith

th
e

in
terp

retation
:
X

|=
c[s]

iff
s
⊆
X

is
con

n
ected

.

•
L
et
X

b
e

a
top

ological
sp

ace
an

d
r,
s

su
b
sets

of
X

:

–
if
r

is
con

n
ected

an
d
r
⊆
s
⊆
r
−

,
th

en
s

is
con

n
ected

;

–
if
r

an
d
s

are
con

n
ected

an
d
r
∩
s
6=

∅,
th

en
r
∪
s

is

con
n
ected

.

•
W

e
can

ex
p
ress

th
ese

(tex
tb

o
ok

)
resu

lts
as

th
e
T
C

-valid
ities:

–
|=
c(x

)
∧
−
x
∪
y

=
1
∧
−
y
∪
x
−

=
1
→
c(y

)

–
|=
c(x

)
∧
c(y

)
∧
x
∩
y
6=

0
→
c(x

∪
y
).

•
T

h
e

p
rob

lem
S
at-T

C
is

in
N

E
X

P
T

IM
E

.

7



•
O

b
v
iou

s
n
ex

t
step

:
ad

d
q
u
an

tifi
ers.

•
C

on
sid

er
th

e
lan

gu
age

C
A

d
efi

n
ed

as
follow

s:

–
T
e
rm

s:
τ

::
x
|
0
|
1
|
−
τ
|
τ
1

+
τ
2
|
τ
1
·
τ
2

–
S
ta

te
m

e
n
ts
φ

::
τ
1

=
τ
2
|
C

(τ
1 ,τ

2 )
|
φ

1
∧
φ

2
|
¬
φ
|
∃
x
φ
,

w
ith

variab
les

ran
gin

g
over

certain
collection

s
(d

etails
to

follow
)

of
regu

lar
op

en
of

su
b
sets

of
top

ological
sp

aces
b
elon

gin
g

to

som
e

class,
an

d
an

d
th

e
p
red

icate
C

is
in

terp
reted

as:

X
|=
C

[r,s]
iff
r
−
∩
s
−
6=

∅
.

•
T

h
e

p
red

icate
C

is
th

e
con

tact
p
red

icate
(an

d
th

e
relation

it

ex
p
resses,

th
e

con
tact

relation
).

•
W

h
iteh

ead
(1919)

in
tro

d
u
ced

th
is

relation
,
callin

g
it

“con
n
ection

”.

•
W

h
iteh

ead
’s

m
otivation

w
as

m
etap

h
y
sical/ep

istem
ological,

rath
er

th
an

com
p
u
tation

al.

8



•
W

e
n
ow

ex
p
lain

th
e

‘certain
collection

s’
of

regu
lar

op
en

sets
...

D
e
fi
n
it
io

n
:

L
et
X

b
e

a
top

ological
sp

ace.
A

m
ereotop

ology

over
X

is
a

B
o
olean

su
b
-algeb

ra
M

of
R

O
(X

)
su

ch
th

at

every
n
eigh

b
ou

rh
o
o
d

in
X

con
tain

s
a

n
eigh

b
o
u
rh

o
o
d

in
M

:

if
q
∈
o
⊆
X

w
ith

o
op

en
,
th

ere
ex

ists
r
∈
M

su
ch

th
at

q
∈
r
⊆
o.

•
W

h
ere

M
is

clear
from

con
tex

t,
w

e
refer

its
elem

en
ts

as
region

s.

•
Im

p
ortan

t:
n
ot

every
regu

lar
op

en
su

b
set

of
th

e
sp

ace
in

q
u
estion

n
eed

cou
n
t

as
a

region
.

•
W

e
sh

all
alw

ay
s

in
terp

ret
th

e
lan

gu
age

C
A

over

m
ereotop

ologies.
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•
A

w
ord

on
ety

m
ology

:

–
M

ereology
(L

eśn
iew

sk
i):

th
e

logic
of

th
e

p
art-w

h
ole

relation
sh

ip
(≤

).

–
M

ereotop
ology

is
sim

p
ly

th
e

stu
d
y

of
top

ological
sp

aces

w
ith

region
s

fu
n
ction

in
g

as
th

e
p
rim

ary
ob

jects.

–
I

am
n
ot

su
re

w
h
ere

th
e

term
fi
rst

ap
p
eared

in
p
rin

t.

•
It

is
easy

to
see

th
at,

for
m

ost
in

terestin
g

classes
of

m
ereotop

ologies,
d
ecid

in
g

satisfi
ab

ility
of

C
A

-form
u
las

is

u
n
d
ecid

ab
le.

B
u
t

th
ere

is
p
len

ty
else

w
e

can
ask

ab
ou

t
th

ese

logics
...

1
0



D
e
fi
n
it
io

n
:

A
con

tact
algeb

ra
is

a
stru

ctu
re

in
terp

retin
g

th
e

sign
atu

re
(C
,≤
,+
,·,−

,0
,1)

satisfy
in

g
th

e
u
su

al
ax

iom
s

of

B
o
olean

algeb
ra

togeth
er

w
ith

(C
0)

∀
x
¬
C

(x
,0)

(C
1)

∀
x
(x
>

0
→
C

(x
,x

))

(C
2)

∀
x
∀
y
(C

(x
,y

)
→
C

(y
,x

))

(C
3)

∀
x
∀
y
(C

(x
,y

)
∧
y
≤
z
→
C

(x
,z

))

(C
4)

∀
x
∀
y
(C

(x
,y

+
z
)
→
C

(x
,y

)
∨
C

(x
,z

))

•
W

e
con

sid
er

also
th

e
follow

in
g

ad
d
ition

al
ax

iom
s:

(E
x
t)

∀
x
∀
y
(∀
z
(C

(x
,z

)
→
C

(y
,z

))
→
x
≤
y
)

(In
t)

∀
x
∀
y
(¬
C

(x
,y

)
→

∃
z
(¬
C

(x
,−
z
)
∧
¬
C

(y
,z

)))

(C
on

)
∀
x
∀
y
(x

+
y

=
1
→
C

(x
,y

)).

1
1



•
A

top
ological

sp
ace

is
sem

i-regu
lar

if
it

h
as

a
b
asis

of
regu

lar

op
en

sets;
a

top
ological

sp
ace

is
w

eak
ly

regu
lar

if
it

is

sem
i-regu

lar
an

d
,
for

an
y

n
on

-em
p
ty

op
en

set
u
,
th

ere
ex

ists
a

n
on

-em
p
ty

op
en

set
v

w
ith

v
−
⊆
u
.

•
X

is
regu

lar
⇒

X
is

w
eak

ly
regu

lar
⇒

X
is

sem
i-regu

lar.

T
h
e
o
r
e
m

:
L
et
X

b
e

a
top

ological
sp

ace,
an

d
let

M
b
e

a

m
ereotop

ology
over

X
,
regard

ed
as

a
stru

ctu
re

in
terp

retin
g

th
e

sign
atu

re
(C
,≤
,+
,·,−

,0
,1).

T
h
en

M
|=

(C
0)–(C

4).
In

ad
d
ition

:

1.
If
X

is
w

eak
ly

regu
lar,

th
en

M
|=

(E
x
t).

2.
If
X

is
com

p
act

an
d

H
au

sd
orff

,
th

en
M

|=
(In

t).

3.
If
X

is
con

n
ected

,
th

en
M

|=
(C

on
).

P
r
o
o
f:

R
ou

tin
e.

1
2



T
h
e
o
r
e
m

:
(D

im
ov

an
d

V
akarelov

,
2006)

L
et

A
b
e

a
stru

ctu
re

in
terp

retin
g

(C
,≤
,+
,·,−

,0
,1),

w
h
ose

red
u
ct

to
(≤
,+
,·,−

,0
,1)

is
a

B
o
olean

algeb
ra.

If
A
|=

(C
0)–(C

4),
th

en
A

is
isom

orp
h
ic

to
a

m
ereotop

ology
over

som
e

top
ological

sp
ace

X
.

M
oreover:

1.
if

A
|=

(E
x
t),

th
en

X
can

b
e

ch
osen

to
b
e

w
eak

ly
regu

lar

(D
ü
n
tsch

an
d

W
in

ter,
2004);

2.
if

A
|=

(In
t)

an
d

(E
x
t),

th
en

X
can

b
e

ch
osen

to
b
e

com
p
act

an
d

H
au

sd
orff

(R
o
ep

er,
1997);

an
d

3.
if
M

|=
(C

on
),

th
en

X
can

b
e

ch
osen

to
b
e

con
n
ected

.

P
r
o
o
f
s
k
e
t
c
h
:

D
efi

n
e

th
e

p
oin

ts
of
X

to
b
e

u
ltrafi

lter-like

su
b
sets

of
A

;
d
efi

n
e

a
m

ap
p
in

g
g

:
A

→
P
(X

)
b
y

g
(a

)
=

{
x
∈
X

|
a
∈
X
};

u
se

th
ese

sets
as

th
e

b
asis

of
a

top
ology.

1
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•
E

x
am

p
les

of
m

ereotop
ologies:

–
R

O
(X

)
for

an
y

sem
i-regu

lar
sp

ace
X

.

–
R

O
S
(
R

n
):

th
e

regu
lar

op
en

sem
i-algeb

raic
sets

in
R

n
;

–
R

O
P

(
R

n
):

th
e

regu
lar

op
en

p
oly

h
ed

ra
in

R
n
;

–
R

O
Q

(
R

n
):

th
e

regu
lar

op
en

ration
al

p
oly

h
ed

ra
in

R
n
.

–
T

h
ese

h
ave

th
eir

closed
-sp

ace
an

alogu
es:

R
O

(
S

n
),

R
O

S
(
S

n
),

R
O

P
(
S

n
),

R
O

Q
(
S

n
).

1
4



•
It

is
in

terestin
g

to
ask

w
h
at

fi
rst-ord

er
sen

ten
ces

(w
ith

variou
s

sign
atu

res
of

top
ological

p
rim

itives)
are

tru
e

in

m
ereotop

ologies
over

certain
classes

of
sp

aces.

•
C

on
sid

er,
for

ex
am

p
le,

th
e

sen
ten

ce
ψ

c
o
n

given
b
y

∀
x
∀
y
(c(x

)
∧
c(y

)
∧
x
·
y
>

0
→
c(x

+
y
))

•
If
M

is
an

y
m

ereotop
ology,

th
en

M
|=
ψ

c
o
n .

1
5



•
C

on
sid

er
th

e
sen

ten
ce
ψ

E
u
c
l
given

b
y

∀
x
∀
y
(c(x

)
∧
c(y

)
→

(c(x
·
y
)
∨
C

(−
x
,−
y
))).

•
ψ

E
u
c
l
is

n
ot

tru
e

in
all

m
ereotop

ologies:

−
r

−
s

•
H

ow
ever,

if
M

is
an

y
m

ereotop
ology

over
R

n
(n

≥
1),

th
en

M
|=
ψ

E
u
c
l .

1
6



•
C

on
sid

er
th

e
sen

ten
ce
ψ

in
f

given
b
y

∀
x
∀
y
(C

(x
,y

)
→

∃
z
(c(z

)
∧
z
≤
x
∧
C

(y
,z

)))

•
ψ

in
f

is
n
ot

tru
e

in
R

O
(
R

2):

r
s

•
H

ow
ever,

ψ
in

f
is

tru
e

in
R

O
Q

(
R

2),
R

O
P

(
R

2),
R

O
S
(
R

2).

1
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•
C

on
sid

er
th

e
sen

ten
ce
ψ

w
ig

g
ly

given
b
y

∀
x

1 ∀
x

2 ∀
x

3 (c(x
1 )

∧
c(x

2 )
∧
c(x

3 )∧

c(x
1

+
x

2
+
x

3 )
→

(c(x
1

+
x

2 )
∨
c(x

1
+
x

3 ))).

•
ψ

w
ig

g
ly

is
n
ot

tru
e

in
R

O
(
R

2):

r
2

r
3

r
1

•
H

ow
ever,

ψ
w

ig
g
ly

is
tru

e
in

R
O

Q
(
R

2),
R

O
P

(
R

2),
R

O
S
(
R

2).

1
8



•
W

e
can

ch
aracterize

m
ereotop

ologies
over

large
classes

of

top
ological

sp
aces

ab
stractly

;
b
u
t

w
h
at

ab
ou

t
fam

iliar

m
ereotop

ologies,
su

ch
as

R
O

Q
(
R

n
),

R
O

P
(
R

n
)

an
d

R
O

S
(
R

n
)?

•
W

e
p
ro

ceed
to

give
a

p
artial

an
sw

er
to

th
is

q
u
estion

w
h
ere

n
=

2.

•
H

ere
it

tu
rn

s
ou

t
to

b
e

m
ore

con
ven

ien
t

to
em

p
loy

th
e

sign
atu

re
(c,≤

,+
,·,−

,0
,1)

(rath
er

th
an

(C
,≤
,+
,·,−

,0
,1)).

•
In

fact,
for

th
is

sign
atu

re,
w

e
h
ave

R
O

(
R

n
)
'

R
O

(
S

n
),

an
d

sim
ilarly,

R
O

P
(
R

n
)
'

R
O

P
(
S

n
)

etc.

1
9



•
N

otice
th

at
R

O
Q

(
R

n
),

R
O

P
(
R

n
)

an
d

R
O

S
(
R

n
)

are
all

ta
m

e,
in

th
e

follow
in

g
sen

se:

–
T

h
ey

are
all

fi
n
itely

d
ecom

p
osab

le:
each

regio
n

is
th

e
su

m

of
fi
n
itely

m
an

y
con

n
ected

region
s

(C
ell

D
ecom

p
osition

T
h
eorem

).

–
T

h
ey

ex
h
ib

it
cu

rve-selection
:

if
r
∈
M

an
d
q
∈
F

(r)
th

ere

ex
ists

a
J
ord

an
arc

h
ave

en
d
q

as
on

e
of

its
en

d
p
oin

ts,
ly

in
g

in
r
∪
{
q}

(C
u
rve

S
election

L
em

m
a).

•
T

h
ey

are
also

all
sp

littab
le:

th
ey

m
ake

tru
e

th
e

follow
in

g

sp
littin

g
a
x
io

m
:

∀
x
∀
y
(x

,
y

an
d
−

(x
+
y
)

are
n
on

-em
p
ty

an
d

co
n
n
ected

→

∃
u
∃
v
(u

1
⊕
u

2
=
x
∧
c(u

1
+
y
)
∧
¬
c(u

1
+
−

(x
+
y
))∧

c(u
2

+
−

(x
+
y
))
∧
¬
c(u

2
+
y
)
).

2
0



•
W

e
can

illu
strate

th
e

sp
littin

g
ax

iom
d
iagram

m
atically

:
�
�
�
�
�
�
�
�
�
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�
�
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�
�
�
�
�
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�
�
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�
�
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�
�
�
�
�
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�
�
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�
�
�
�
�
�
�
�
�
�

r
1

r
2

r
s

a
)

b
)

s

r

2
1



•
C

on
sid

er
th

e
follow

in
g

ax
iom

s

1.
th

e
u
su

al
ax

iom
s

of
B

o
olean

algeb
ra,

an
d

th
e

ax
iom

0
6=

1;

2.
th

e
ax

iom
∀
x
∀
y
(c(x

)
∧
c(y

)
∧
x
·
y
6=

0
→
c(x

+
y
)).

3.
w

h
ere

n
>

2,
th

e
ax

iom
s

∀
x

1
...∀

x
n

(

c(x
1
+
···+

x
n
)∧

∧

1
≤

i≤
n

c(x
i )
→

∨

2
≤

i≤
n

c(x
1
+
x

i )
)

.

4.
tw

o
p
lan

arity
ax

iom
s,

e.g.

¬
∃
x

1
...∃

x
5

(

∧

1
≤

i≤
5 (c(x

i )
∧
x

i
6=

0)∧

∧

1
≤

i<
j
≤

5 (c(x
i
+
x

j )
∧
x

i
·
x

j
=

0)
);

5.
th

e
ax

iom
s
c(0)

an
d
c(1);

6.
th

e
sp

littin
g

ax
iom

;

7.
an

oth
er

d
read

fu
l
ax

iom
to

d
o

w
ith

sp
littin

g
u
p

region
s.

2
2



•
If
n
≥

1,
w

e
let

ψ
nc
(x

)
stan

d
for

th
e

form
u
la

∃
z
1
...∃

z
n

(

∧

1
≤

i≤
n

c(z
i )
∧

(x
=
z
1

+
···+

z
n
)
)

statin
g

th
at
x

can
b
e

form
ed

b
y

ad
d
in

g
togeth

er
n

con
n
ected

region
s.

•
T

h
u
s,

for
an

y
fi
n
itely

d
ecom

p
osab

le
m

ereotop
ology,

th
e

follow
in

g
in

fi
n
itary

ru
le

of
in

feren
ce

is
valid

:

{∀
x
(ψ

nc
(x

)
→
φ
(x

))
|
n
≥

1}

∀
x
φ
(x

)
.

•
T

h
is

ru
le

sim
p
ly

say
s

th
at,

if
a

p
rop

erty
h
old

s
of

all

n
-com

p
on

en
ts

region
s,

for
all

n
,
th

en
it

h
old

s
for

all
region

s.

2
3



•
W

e
h
ave

th
e

follow
in

g:

T
h
e
o
r
e
m

:
L
et
M

b
e

a
fi
n
ite

d
ecom

p
osab

le
m

ereotop
ology

over
R

2
h
av

in
g

cu
rve-selection

,
an

d
satisfy

in
g

th
e

sp
littin

g

ax
iom

.
T

h
en

M
satisfi

es
all

th
e

ab
ove

ax
iom

s,
an

d
m

akes

th
e

in
fi
n
itary

ru
le

of
in

feren
ce

valid
.

P
r
o
o
f:

R
ou

tin
e.

•
M

ore
in

terestin
gly,

w
e

h
ave

a
con

verse.
L
et
T

c
,≤

d
en

ote
th

e
set

of
sen

ten
ces

w
h
ich

are
con

seq
u
en

ces
of

th
e

ab
ove

ax
iom

s
an

d

th
e

in
fi
n
itary

p
ro

of
ru

le.

T
h
e
o
r
e
m

:
T

c
,≤

is
th

e
com

p
lete

th
eory

of
an

y
fi
n
itely

d
ecom

p
osab

le
m

ereotop
ology

over
R

2
h
av

in
g

cu
rve-selection

an
d

satisfy
in

g
th

e
sp

littin
g

ax
iom

.

P
r
o
o
f:

U
se

th
e

om
ittin

g
ty

p
es

th
eorem

to
get

a
fi
n
itely

d
ecom

p
osab

le
m

o
d
el

of
T

c
,≤

;
em

b
ed

it
in

R
O

P
(
R

2),
an

d

sh
ow

th
at

th
e

em
b
ed

d
in

g
is

elem
en

tary.

2
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•
T

h
e

ab
ove

th
eorem

en
tails

th
at

all
fi
n
itely

d
ecom

p
osab

le,

sp
littab

le
m

ereotop
ologies

over
R

2
h
av

in
g

cu
rve-selection

,

con
sid

ered
as

{
c,≤

}-stru
ctu

res,
are

elem
en

tarily
eq

u
ivalen

t.

•
A

ctu
ally,

over
th

e
closed

p
lan

e,
m

ore
is

tru
e:

T
h
e
o
r
e
m

:
A

ll
sp

littab
le,

fi
n
itely

d
ecom

p
osab

le

m
ereotop

ologies
over

S
2

w
ith

cu
rve-selection

h
ave

th
e

sam
e

L
Σ
-th

eory
for

an
y

top
ological

sign
atu

re
Σ

.

2
5



•
T

h
e

th
eory

T
c
,≤

is
w

ell-b
eh

aved
.

It
is

atom
ic,

w
ith

R
O

Q
(
R

2)
a

p
rim

e
m

o
d
el.

•
In

ad
d
ition

,
w

e
h
ave:

T
h
e
o
r
e
m

:
A

ll
cou

n
tab

le
fi
n
itely

d
ecom

p
osab

le
m

o
d
els

of
th

e

th
eory

T
c
,≤

are
isom

orp
h
ic.

•
T

h
u
s,

w
e

can
get

reason
ab

ly
close

to
ch

aracterizin
g

th
e

tam
e-region

-b
ased

top
ology

of
th

e
E

u
clid

ean
p
lan

e

ax
iom

atically.
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•
W

e
con

clu
d
e

w
ith

an
op

en
p
rob

lem
regard

in
g

con
tact

algeb
ras.

•
A

ll
of

th
e

resu
lts

so
far

con
cern

m
e
reo

to
p
o
lo

g
ie

s
over

variou
s

top
ological

sp
aces

X
—

th
at

is,
certain

sorts
of

d
en

se

su
b
algeb

ras
of

R
O

(X
).

•
B

u
t

w
h
at

ab
ou

t
th

e
con

tact
stru

ctu
re

of
th

e
w

h
ole

algeb
ra

R
O

(X
)?

C
an

w
e

ch
aracterize

th
at?

•
T

h
e

ex
am

p
le
ψ

w
ig

g
ly ,

w
h
ich

is
tru

e
in

R
O

S
(
R

2),
b
u
t

n
ot

tru
e

in

R
O

(
R

2),
su

ggests
th

at
th

is
p
rob

lem
m

ay
n
ot

b
e

so
sim

p
le:

r
2

r
3

r
1
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T
h
e
o
r
e
m

S
u
p
p
ose

A
|=

Φ
C

A
∪
{
φ

in
t ,φ

e
x
t },

an
d

A
is

a
(n

on
-triv

ial)

com
p
lete

B
o
olean

algeb
ra.

T
h
en

A
|=

∃
x
∃
y
(C

(x
,y

)
∧
∀
z
(z

≤
x
∧

∀
z
1 ∀
z
2 (z

1
>

0
∧
z
2
>

0
∧
z

=
z
1

+
z
2
→
C

(z
1 ,z

2 ))
→

¬
C

(z
,y

)))

•
B

u
t

th
is

sen
ten

ce
is

false
in

an
y

fi
n
ite

ly
d
eco

m
p
o
sa

b
le

m
ereotop

ology
over

a
top

ological
sp

ace.

•
L
et

X
b
e

th
e

class
of

all
top

ological
sp

aces,
an

d
set

R
=

{R
O

(X
)
|
X

∈
X
}

M
=

{
M

|
M

a
m

ereotop
ology

over
X

for
som

e
X

∈
X
}
.

T
h
en

T
h
(M

)
6=

T
h
(R

).

O
p
e
n

p
r
o
b
le

m
:

W
h
at

is
th

e
elem

en
tary

th
eory

(over
a

su
itab

le
sign

atu
re)

of
classes

{
R

O
(X

)
|
X

∈
X
},

w
h
ere

X
is

som
e

salien
t

class
of

top
ological

sp
aces?
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•
S
u
m

m
ary

–
T

w
o

im
p
ortan

t
id

eas:

∗
form

al
lan

gu
age

in
terp

reted
over

classes
of

geom
etrical

stru
ctu

res
( sp

atial
logic),

∗
stu

d
y

of
top

ology
from

a
region

-b
ased

v
iew

p
oin

t

(W
h
iteh

ead
’s

v
ision

).

–
T

h
ese

id
eas

led
u
s

to
th

e
n
otion

of
a

m
ereoto

p
ology

.

–
W

e
can

p
rove

rep
resen

tation
th

eorem
s

for
th

e
fi
rst-ord

er

th
eories

of
variou

s
classes

of
m

ereotop
ologies.

–
W

e
can

p
rove

an
alm

ost-fi
rst

ord
er

rep
resen

tation
th

eorem

for
th

e
ration

al
p
oly

gon
al

m
ereotop

ology
over

th
e

E
u
clid

ean

p
lan

e.

•
S
ee

A
iello,

P
ratt-H

artm
an

n
an

d
van

B
en

th
em

:
H

a
n
d
bo

o
k

o
f

S
p
a
tia

l
L
o
g
ic

(S
p
rin

ger,
2007)

for
d
etails

...
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