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Abstract

We show that the superintuitionistic predicate logic characterized by all Kripke frames
of finite height with constant domains is not strongly Kripke complete (as well as
some its extensions). This gives new examples of Kripke complete logics that are not
strongly complete, cf. Problem 1 in [5]; the previous examples of such logics found by
Takano were H}—hard, while ours are Ils-arithmetical.
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H. Ono (the talk at L.E.J. Brouwer Centenary Symposium held in 1981,
cf. [5, Problem 1 (P34)]) asked if every Kripke complete intermediate predi-
cate logic is strongly Kripke complete. M. Takano found a counterexample,
mentioned by Ono in [5]: namely, the logic of any Kripke frame with a de-
numerable constant domain, whose set of worlds is an infinite ordinal, is not
strongly Kripke complete. Note that all these logics are I1}-hard (cf. [9,11,12]).

Here we consider the intermediate predicate logics LP, and L°P, charac-
terized by all Kripke frames of finite height (with expanding and with constant
domains respectively). We show that the logic L°P, (with constant domains)
is not strongly Kripke complete; moreover, a slightly weakened version of strong
completeness fails as well (for this logic and for many its extensions). The sim-
ilar question for the logic LP, (with expanding domains) remains open. Note
that the logics LP, and L°P, are not recursively axiomatizable (see [11]); on
the other hand, they are obviously IIs-arithmetical. Namely, L°P ., = (| L°P,,,

where L¢P, is a finitely axiomatizable logic of Kripke frames of height n (with

constant domains); and similarly for the case with expanding domains.

L The research presented in this paper was supported by the RFBR. project 16-01-00615.
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We do not know if every recursively axiomatizable (or at least every finitely
aziomatizable) Kripke complete predicate logic is strongly Kripke complete.
The main result of the paper was announced in [13].

Remark 0. By the way, H. Ono formulated a similar question for intermediate
propositional logics [5, Problem 1’ (P35)]. T. Shimura [8] found a family of
propositional counterexamples; namely, he obtained the following result:
(Sh): Intuitionistic logic is the only strongly complete intermediate
propositional logic weaker than GJy (Gabbay — de Jongh’s logic
of finite binary trees [1]).

This implies the following consequence for the predicate case: 2

(Sh) : Every intermediate predicate logic, the propositional fragment of which
is included in GJo and is non-intuitionistic (i.e., it is not equal
to intuitionistic logic), is not strongly Kripke complete.

In particular, we can see that for any n > 2, the predicate logics, charac-
terized by all Kripke frames (with constant and with expanding domains) over
finite n-ary trees, are not strongly Kripke complete (note that these logics are
IIy-arithmetical, and they are not RE by [10]). On the other hand, the claim
(Sh), as well as any similar result for the propositional case, obviously does not
give anything for predicate logics with the intuitionistic propositional fragment
(like L¢P, LP,, and many other logics considered in the present paper).

By the way, V. Shehtman [6] showed that every Kripke complete intermedi-
ate propositional logic is strongly Kripke complete in the topological semantics.
We do not know if this result transfers to predicate logics.

Section 1. Preliminary notions

We consider superintuitionistic predicate logics without equality and func-
tion symbols (called in this paper predicate logics, or sometimes even logics,
for short®). These are defined as extensions of intuitionistic predicate logic
QH closed under modus ponens, generalization, and substitution of arbitrary
formulas for atomic ones (cf. e.g. [2, Definition 2.6.3]; the book contains the ba-
sic notions in the field). For these logics we use the standard predicate Kripke
semantics. Let us recall the corresponding definitions.

1.1 A predicate Kripke frame with expanding domains (or a Kripke frame, or
even a frame, for short) is a pair (M,U) with M a non-empty partially ordered
set (poset) and U a domain map defined on M such that, for any u,ve M:
(1) U(u) # @, and (1) u <v = U(u) CU(w).
We say that (M,U) is a Kripke frame over the poset M. If U is a constant
mapping on M such that U(u) = X for all ue€ M, then we write (M, Au.X) for
(M,U) and call it a Kripke frame with a constant domain.*

2 In [8] this straightforward corollary was not mentioned and Ono’s Problem 1 (P34) was
not addressed.

3 in essence, we do not consider other sorts of logics

4 The notation (M, Au.X) was introduced in [10], while in [11] we used the notation (M; X).



Skvortsov 579

The notions of a valuation and of validity of a predicate formula on a Kripke
frame are defined in a usual way (cf. e.g. [15]). Namely, a valuation on (M,U) is
a forcing relation u F A between points u € M and formulas A (with parameters
replaced by elements of U(u)), satisfying monotonicity : u<v, uFA = vEA
and the following inductive conditions:

uk (B&C) & (uEB)&(ukFC); ukE(BVC) < (ukEB)V(ukC);
uE(B2C) & Yo>u[(wEB) = @wEC)]; uHL;

ukFEVeB(z) & Yv>uVeeU(w)[vE B(c)];

uwkE JxB(z) & JeeU(u)[uE B(c)].

As usual, to obtain a valuation, it is sufficient to know uF A only for atomic
A, and by induction, the monotonicity condition for atomic A implies the
monotonicity for arbitrary (non-atomic) formulas A.

A Kripke frame with a valuation is called a Kripke model.

A predicate formula A(zq,...,z,) is said to be true (under a valuation F
on a frame (M,U)) if u E A(ay,...,ay) for any ue M and ay,...,a, €U(u).
A formula A is valid on a Kripke frame (M, U) if it is true under any valuation
on (M,U). The predicate logic L(M,U) of a Kripke frame (M,U) is the set
of all formulas valid on (M,U). It is well known that this set is indeed a
superintuituionistic logic.

1.2 The predicate logic of a class Z of Kripke frames is
L[Z] = ((L(M,U) : (M,U) € Z).

A predicate logic L is Kripke complete if L=L[Z] for some class Z of Kripke
frames. The Kripke completion of alogic Lis Lt = (L(M,U) : LCL(M,U)),
the smallest (w.r.t. the inclusion) Kripke complete extension of L.

The predicate logic of a poset M is LM = N L(M,U)

U
and the predicate logic of a class Y of posets is LY = (LM : M€Y).
Analogously, we define the predicate logic with constant domains of a class Y:

LY = (L(M, \u.X) : M€Y, X#2).

A poset M with the least element 0j; is called rooted. A cone in a poset
Mis M* ={veM | u<wv} (for ue M). The cone (M*,U) of a Kripke frame
(M, U) is its restriction to M™.

It is well known that (I) L(M,U)=N(L(M“,U):ueM),

hence (II) LY =L{M":MecY,uecM} foraclassY of posets

(and similarly with L¢Y). This means that rooted Kripke frames (and rooted
posets) are sufficient for the Kripke semantics of superintuitionistic logics.

1.3 Let us consider the constant domain principle:

D =Vz(Q(z)Vp) D VaQ(x) V p,
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where p is a propositional symbol and @ is a unary predicate symbol. It is well
known that D is valid on any Kripke frame with a constant domain (i.e., on
any frame of the form (M, \u.X) with X # @); hence D € L°M for any poset
M and D e L€Y for any class Y of posets. Moreover, for a rooted poset M the
following equivalence holds:

DeL(M,U) iff a frame (M,U) has a constant domain. (0)

Note that for non-rooted M, this equivalence does not hold in general; e.g.,
D is valid on a disjoint union of two frames with different constant domains.

1.4 Recall that the height h[M] of a poset M is the supremum of cardinalities
of chains (i.e., linearly ordered subsets) in M. Similarly, the width w[M] of
a rooted poset M is the supremum of cardinalities of antichains (i.e., sets of
pairwise incomparable elements) in M. The width of an arbitrary poset is
w[M] = sup(w[M¥]:ueM)).

Let P, be the class of all posets of height h[M]<n (for n€w, n>0) and
let Po, = [P, be the class of posets of finite height. Analogously, one can

introduce the class W,, of all posets of width w[M]<n (and W, = UW,,,

the class of posets of finite width).
Let S, be an n-element chain, n > 0; clearly, its height is n and its width is 1.
Denote Soo = {Sp, : n€w, n>0}. Then LS, = LS, and L°S,, = [ L¢Sy;

similarly LP., = (|LP,, and L°P,, = [|L°P,, etc. Finally, let Fin be the

class of all finite posets. Obviously S = Poo "W and Fin = P, N W; so
S CFinCP.
It can be easily shown (applying [3, Theorem 3.4]) that

LM CLS,, and L°M CL€S, for any poset M of height h[M]>n, (o)

because the n-element chain S,, is a p-morphic image of any poset M of height
h[M]>n (note that p-morphisms were called embeddings in [3, Section 3]).

Actually moreover: LMCLS, iff L°MCLSS, if h[M]>n,
because P,,_1 e LM\L®S,, if h[M]<n (the formulas P,, of height n are defined
in Section 2).

Section 2. Main result

2.1 Let L be a logic and T'; A be two sets of sentences. A pair (I'; A) is called
L-inconsistent if L - (&Fo DV Ag) for some finite subsets [y CT', AgCA. A
pair (I', A) is satisfiable in a Kripke frame (M, U) if there exists a valuation in
(M,U) and a world ue M such that uk A for all formulas A€ and uF B for
all formulas B€ A. We say that a predicate logic L is strongly Kripke complete
without parameters if every L-consistent pair (I, A) of sets of sentences is sat-
isfiable in a Kripke frame validating L. The usual notion of strong Kripke com-
pleteness (given in [5]) is slightly stronger: namely, formulas with parameters
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(not necessarily sentences) are allowed in I' and A; naturally, these parameters
would be evaluated by individuals taken from the corresponding domain U (u).

Lemma 1 (Main Lemma) There ezists a predicate sentence Ap__ (or A* for
short) such that for every Kripke frame (M,U): Ap €L(M,U) iff

for all w in M | the height h[M"] is finite, or the domain U(u) is finite ].

Hence for rooted Kripke frames with constant domains we have: ®

Ap__ € L(M,  u.X) iff [ the height h[M] is finite, or the domain X is finite ].

Thus, clearly Ap €LPy, so Ap &D € LP.

We present the proof of this lemma in Section 4.

2.2 Now we apply Main Lemma to show that strong Kripke completeness fails
for L°P ; more precisely, we prove:

Theorem 1 The logic L°P, of frames of finite height with constant domains
is not strongly Kripke complete without parameters.

Take the following propositional formulas of finite heights:
Py=1and P,y1 =pn V (pn D F,) for new,

where pg,. .., Pn,. .. are different propositional symbols. It is well known that:
P,eL(M,U) iff h[M] <n. Hence P, € LP,, and (P,&D)€L‘P,, for any
n > 0. By the way, note that L°P,, = [QH + P,&D] (cf. [4, Theorem 3.3]),
while LP,, # [QH + P,] (i.e., the logics [QH + P,,] are Kripke incomplete) for
n>2 (see [4, Theorem 3.2]); by definition, [QH + P;] is classical logic. ®

Also take the sentences

Con = Va1, Y [ & Qilwi) 5\ Qi)

i<J

for m>1. Clearly, C,, € L(M, u.X) iff card(X)<m.

Take the set A* = {P, : n>0}U{C,, : m>1}. Then the pair (&, A*)
is L°P . -consistent (and moreover, it is L°S,-consistent). Indeed, any finite
AgCA* is included in {P,:n<ng} U {Ch:m<mg} for some ng, mo; then the
corresponding disjunction \/ Aq is falsified in every Kripke frame of height ng
(in particular, in S,,,) with an mg-element constant domain.

On the other hand, the subsequent claim shows that the pair (&, A*) is
not satisfiable in L¢P -frames; hence the logic LP., is not strongly Kripke
complete without parameters.

5 For non-rooted M, this equivalence does not hold in general; e.g., A;w is valid on a disjoint
union M of all finite chains Sy (with an infinite constant domain), while h[M] is infinite.

6 Note that the logics LP,, are finitely axiomatizable for all n > 0; their axioms are Pj,
which are essentially predicate formulas similar to P, (see [16]).
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Claim Let (M,U) be a rooted Kripke frame validating L¢P .

Then L(M,U)NA* # @.
Proof. Clearly, D € L°P,, C L(M,U), and so (M, U) has a constant domain
(due to (), see in Section 1). Now, if L(M,U)NA* = &, i.e., all P, and C,, are
falsified in (M, U), then its domain is infinite and the height h(M) is infinite as
well. Thus Ap ¢ L(M,U) and so L°P, € L(M,U) (since Ap € L°P).0

Actually, our argument gives a more general result:

Theorem 2 Let L be a predicate logic such that L°Py C L C LS.
Then L is not strongly Kripke-complete without parameters.

Indeed, if L C L¢S, then the pair (&, A*) is L-consistent. And if
L¢P, C L, then (&, A*) is not satisfiable in L-frames. O

Corollary 1 Let Y C P, be a class of posets of finite height such that
Vnew(Y € P,) (i-e., Y contains posets of arbitrarily large heights). Then
the Kripke complete logic L€Y is not strongly Kripke complete (even without
parameters).

Indeed, if Y ZP,,, then LY CLS,,, due to (o) (see the end of Section 1). O

Therefore, we conclude that the following Kripke complete logics (and many
other ones) are not strongly Kripke complete (without parameters):”

L°P.., L°Fin, LS. = LE(Poo W), L¢(Po"W,,) = LE(FinnW,,),
L¢(P,U(PxNW,,)) = L¢P, NL(FinNW,,,) for every m,n€ (w\{0}). ()

Note that all logics L mentioned in Theorem 2 (in particular, all logics listed
in (X)) are not recursively axiomatizable, see [11, Theorem 1.2]. On the other
hand, all logics listed in (A) are Ily-arithmetical, because the logics L°P,, for
n<w are finitely axiomatizable (see in Section 1) and all logics LM for finite
posets M are recursively axiomatizable (in a uniform way), see e.g. [10]. %

Section 3. A short discussion and open questions

3.1 Main Lemma shows that, for the Kripke semantics with constant do-
mains, the formula Ap_ (or, more precisely, Ap_&D) describes the finite-
ness of height, up to a minor additional exception involving (arbitrary) Kripke
frames with finite constant domain. Now we will explain why this addition is
inevitable.

Let Kr:, = {(M, \u.X) | M # &,card(X) =m} be the class of Kripke
frames with m-element constant domain (for me€w, m>0). Now, let

Kri, =UKr;, ={ (M, u.X) | M#2, X is finite }

7 Note that all these examples are not covered by the claim (Sh)’ (see Remark 0 at the begin-
ning of the paper), because the propositional fragments of these logics are either intuitionistic
or not included in GJs.

8 Moreover, they are finitely axiomatizable by [7, Theorem 3.7] (cf. our Proposition 2 in
Section 3).
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be the class of Kripke frames with finite constant domains.

Similarly, we introduce the classes of frames with finite M:
Fin;, ={(M, \u.X)| M is finite, card(X)=m}={(M, \u.X) eKr} | M €Fin}
and Fin{ =JFin;, = {(M, u.X) | M and X are finite } =

={(M, u.X)eKrs | MeFin}.

Finally, we have analogous classes of frames of finite height:
PS o = {(M, M. X) | M eP, card(X) =m} = {(M, \u.X) € Kry, | M €P }
and P¢ o =UPS = { (M, \u.X)[h[M] and X are finite } =

={(M, u.X)eKrs, | MeP}.
Clearly, Finj,, C PS_,, C Kry, for any m, and so Fing, C PS5, . C Krg,.

Also LIKr{ | = N L[Kry,] and similarly with L[Fing ], L[Pg, ]

Lemma 2 L[Kr/ ] = L[Fin/ |,
and so  L[Kry,] = L[PS ] = L[Fin},]  for every mew,m>0.
Therefore, L[Krf ] = L[PS, ] = L[Fing].
In other words, for the Kripke semantics with finite constant domains, we have:

every finitely valid formula is generally valid, ie.,
every formula valid on all finite posets is valid on all (non-empty) posets M.

Hence we obtain:
Corollary 2 L°Fin C L|KrS ], and thus L°Ps C L°Fin C L[Krg].

This means that any formula valid (in the semantics with constant domains)
on all frames (with arbitrary domains) over finite posets M (in particular, any
formula valid on all frames of finite height) is necessarily valid on all frames
with finite domains (with arbitrary posets M). That is why our sentence
Ap_ (presented in Lemma 1), which is valid on all frames of finite height, is
inevitably valid on all frames with finite constant domains (with arbitrary M).

Remark 1 By the way, the inclusion L°Fin C L[Kr¢ ] is definitely proper.
Indeed, let A be a well-known formula (with one binary predicate symbol R)
that is classically valid on all finite domains and is not valid on infinite domains
(e.g. A=-Ay for the formula Ay defined at the beginning of Section 4). Put
A" = [Vz,y(R(z,y)V-R(z,y)) D A]. Then A’ belongs to L[Kr: ]\QC, where
QC is classical predicate logic; so all the more it belongs to L[Krf |\L°Fin.

Remark 2 The inclusion L°P,, C L°Fin is proper as well. Indeed, there
exists a formula A}, (introduced in [10] and denoted by F” there) such that
(cf. our Lemma 1):
Apin €L(M,U) iff YueM [ M" or U(u) is finite]. (o)

Then clearly A}, € LFin\LP, and so A}, € L°Fin\L°P.,. Moreover, it
is easily seen that LFin Z L°Y for any class Y of rooted posets that contains
an infinite poset, and so LY C LFin and LY C L°Fin for any class Y DFin
that contains a poset with an infinite cone. The similar statement holds for
LP as well, due to our formula Ap__.
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Now we prove Lemma 2.

Proof. Let X,, = {1,...,m} be an m-element domain. To every k-ary predi-
cate symbol P and all ji, ..., jx € X, we assign a unique propositional symbol
PU-3%)  For a predicate formula A(iy, ... , 4, ) with parameters replaced by el-

ements of X,,, one can easily construct a propositional formula ]18;’)”"1”), which
simulates A in a natural way; namely, we replace predicate atoms P(ji, ..., jk)
with propositional atoms PUt+J%) and replace quantifiers V and 3 with the
conjunction and disjunction over all elements of X,,,. One can easily show (by
induction) that the truth of A(iy,...,i,) in (M, u.X,,) (at a point v€ M) is

equivalent to the propositional truth of flg%” in M at the same point v (un-

der the corresponding valuations of symbols P in (M, Au.X,,) and Plitsik) jp
M). Therefore, we conclude that AeL(M, u.X,,) iff Ay, € L(M)
for any sentence A and a poset (i.e., a propositional Kripke frame) M.
Finally, we use the following well-known fact: any propositional formula
valid on all finite posets M is intuitionistically provable, and so it is valid on
all (non-empty) M as well. O

3.2 Hence we obtain:

Proposition 1  Let (M,U) be a rooted Kripke frame. Then the following
conditions are equivalent:

(1) LPo C L(M,U);

(2) (LPw + D) € L(M,U);

(3) (Ap_&D) € L(M,U);

(4) (M,U) is a Kripke frame with constant domain X (i.e., it is (M,  u.X))
and [ the height h(M) or the domain X is finite].

Proof. The implication (1)=-(2) is obvious (since D € LPq, see in Section
1). The implications (2) = (3) = (4) readily follow from Lemma 1 and (§) (again
see in Section 1). And the implication (4)=-(1) follows from Corollary 2. O

Therefore, L°P, is the Kripke completion of (QH + Ap_&D).

Note that the logic (QH + Ap_&D) is Kripke incomplete, because its
Kripke completion L°P, is not recursively axiomatizable, as it was mentioned
in Section 2 (cf. [11]). The logic (QH + Ap_) is Kripke incomplete as well; its
Kripke completion described by Lemma 1 is not RE (see [11, Theorem 2.2]).°

Now let us state two related open questions:

Question 1 Is (LP + D) equal to L°P .7
In other words, is the logic (LP. + D) Kripke complete?

9 By the way, analogously, L°Fin is the Kripke completion of the Kripke incomplete logic
(QH + Af,;,&D), where AL, is the formula mentioned in Remark 2 (and introduced in
[10]). The logic (QH + Af,,,) is again Kripke incomplete; its Kripke completion is L[Fin*],
where Fin* is the class of frames described by condition (¢) from our Remark 2, and this
completion is not RE as well (cf. [10, Corollary 4]).
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Question 2 Is the logic LP, strongly Kripke complete?

Note that we are still unable to directly transfer our proof for L°P, to
LP.. Indeed, there exist rooted Kripke frames (M,U) with expanding do-
mains such that: (i) (@, A*) is satisfiable in (M, U) (in the root of M), i.e.,
L(M,U)NA*=2,'% and (ii) (M,U) validates Ap_ (i.e., it satisfies the condi-
tion described in Lemma 1). Namely, one can take a disjoint union of frames
of all finite heights (e.g. the disjoint union of all finite chains S,,) with infinite
domains (or with n-element domains X,, for all n > 0) and add the root wg
whose domain is finite (e.g. one-element). This means that unlike the proof
of Claim (see in Section 2), now definitely one cannot guarantee that every
frame (M, U) satisfying (&, A*) falsifies L°P ‘due to the formula Ap_’. On
the other hand, we do not know if such Kripke frames (satisfying (&, A*) and
validating Ap_ ) validate the whole logic LP, as well. In other words, we
do not know, if Ap_ € L(M,U) implies LP, CL(M,U) (cf. the equivalence
(1)< (3) in Proposition 1).

This example is slightly related to the following open question:

Question 3 How to transfer (in a reasonable way) Lemma 2 and Corollary 2
to the case with expanding domains. !

3.3 To conclude this section, note that the formula Aj,,, (see Remark 2) allows
us to obtain the following variant of Theorem 2:

Theorem 3 Let L be a predicate logic such that
L°Fin C L C U(L[Z] : Z is an unrestricted class of Kripke frames )

(here | J denotes the set-theoretical union, but not the sum of logics!).
Then L is not strongly Kripke complete without parameters.

Here a class Z of Kripke frames is called unrestricted (cf. [10, Section 1.2] or
[11, Section 2.1]), if

Vnew I(M,U)eZ Fue M (card(M*) >n, card(U(u)) >n).
The proof is similar to the proof of Theorem 2 given in Section 2; we use

10 More precisely, in order to satisfy the pair (&, A) in a frame (M, U), it is required to falsify
all formulas from A by a single valuation in (M, U). However, this is not a serious problem.
Our formulas C,, (for m > 1) look rather regularly, and so, if cardinalities of domains are
sufficiently large, it is easy to construct a valuation, which falsifies all these formulas (and
similarly with Pp: n>0).

11'While preparing the final text of this paper, we found an answer to this question. The
proof of the corresponding claims for two different versions of Kripke semantics with finite
expanding domains will be presented in [14]; on the other hand, for the third natural version
of the semantics these properties do not hold.
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the formula Ag;, for Ap  and use the propositional formulas

o, =\/(pi=p))

i<j
(in symbols pg, p1,. . ., pn) instead of P,. a

Again all logics mentioned in Theorem 3 are not recursively axiomatizable,
see Theorem from [10] and Theorem 2.1(2) from [11]; many of these logics are
IIp-arithmetical (cf. Section 2).

Also, for Kripke semantics with constant domains, we obtain the subsequent
criterion of strong Kripke completeness for logics characterized by classes of
finite posets (i.e., for logics of the form L¢Y with Y C Fin); cf. our Corollary
1 in Section 2 and [10, Corollary 3]:

Proposition 2 LetY be a class of finite posets.

(I) The following conditions are equivalent:

(1
2

) the logic LY is strongly Kripke complete (with or without parameters);
(2)
(3) the logic L°Y is finitely aziomatizable;
(4)
(5)

the logic LY is recursively axiomatizable;

4) the logic L°Y is ‘tabular’, i.e., it equals L°M for a finite poset M;
5 Y CP,NW,, for somen>0.

(II) If Y is a class of pairwise non-isomorphic finite rooted posets, then the
mentioned conditions (1) — (5) are equivalent to

(6) Y is finite.

Proof. The implication (1) = (5) readily follows from Theorem 3: namely,
if Vvn|Y € P,N'W, ], then the class Z of all frames with constant domain
over posets from Y is unrestricted. Similarly, the implication (2) = (5) is a
consequence of Theorem from [10].

Clearly, (5) implies (4), because the family of (non-isomorphic) rooted
posets from P,, "W, is finite, and LY = L¢Y’ = LM, where Y’ is the
(finite) family of cones in posets from Y and M is the disjoint union of posets
from Y'.

Now, the implications (4)=-(1) and (4)=(3) follow from Shimura’s result
[7, Theorem 3.7]. Indeed, let A be a formula axiomatizing the (finitely ax-
iomatizable) propositional superintuitionistic logic of a finite poset M, and let
L = [QH+D&A]. The mentioned Shimura’s theorem claims the strong Kripke
completeness 12 of L. From its proof we also obtain that L=L°¢M.

Finally, the implication (3)=-(2) is obvious. O

12naturally, in the usual sense, i.e., with parameters (cf. the beginning of Section 2)
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Section 4. The proof of Main Lemma

Take a binary, unary, and 0-ary (i.e., propositional) symbols R, @, p respec-
tively. Take the following formulas:

Ayp = Va—-R(z,z) & VeIyR(z,y) & VaVy (R(z,y)V-R(z,y)) &
& VavyVz (R(z,y)&R(y, z) D R(z, z)),

Ay = VaVy [(-R(z,y) Vp) = (Q(2) DQ(y)) Vp)],

Ay = VaVy[(—R(z,y) Vp) = (Q(y) DQ(z)) Vp)],

Az = VaVy [R(z, y)&(Q(z) D Q(y)) D Q(z)],

Ay = VaVy [R(z, y)&(Q(y) DQ(z)) D Qy)],

A= A& [(Ar &AS) (A2&Ay)];

A* = A" Dp.

4.1 TF PART. Suppose that A*¢L(M,U), i.e., uF A" and uFp for some ue M
and a valuation in (M*,U); then we show that both U(u) and h[MY] are in-
finite. Let us define the relation (a<b) < (uF R(a,b)) on U(u). By Ay, the
relation is transitive, irreflexive, and there exists a sequence of different ele-
ments ap<ai <...in U(u); hence U(u) is infinite. Also (a¢b) < uF-R(a,b)
for a,beU(u).

Now, let us assume that h[M*]=n is finite. Put ©;={ve M*|vEQ(a;)}
for i cw.

First, let u F A1&A3z. Then, by Ay, for i, j €w we have:

(0; € O;) & uF (Qai)DQ(a;)) & uF ~R(ai,a5) < aifa; & j<i
(recall that ulp). Also, by Az, if i<j<k, then
Yv € 61\63 dw € @J\@k [U < w].

Indeed, if j < k and v € ©,;\0;, then v ¥ Q(a;) and v F R(a;,ax), so
v (Qa;) DQ(ak)), ie., v<w for some w € 0;\Oy.

Hence we obtain an (n+ 1)-element chain vo <v; <...<wv, in M* such that
v; € ©;\0,41 for i<n. This is a contradiction.

Second, let u F A& A4. Then, similarly, by Ao,
(0; CO;) & uk-R(a;,a;) & i<y,
and by Ay, for i<j <k we have
Yv € ©,\0; Fw € 0;\0; [v<w].
Hence we obtain an (n 4 1)-element chain v, < ... < vy, where v; € ©;,1\0;.

4.2 ONLY IF PART. Suppose that there exists u € M such that both U(u)
and h[M*"] are infinite; then we show that ut A* for a suitable valuation on
the cone (M™,U).
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Take a denumerable subset Xg = {a; | i € w} of U(u). Let v(a;) = i for
elements of X and v(a) = 0 for all other elements from all U(v), v>wu.

First, assume that the cone M™ contains an w-chain u = ug < u; < ....
Then we define the following valuation on (M™,U):

vE R(a,b) < v(a) <v(b);
vE Q(a) < v ﬁ Uy (a)s
vEp & v#u
Clearly, u E Ay and u ¥ p. Also u E A1, because
uF-R(a,b) < (v(b)<v(a)) & Yov>u[vEQ(a) = vEQ(D)] & uF(Q(a) DQ(D)),

and v F p for all v>u.

Now, show that uF As. Assume that a,beU(v), v F R(a,b&(Q(a) DQ(D)),
v Q(a). Then v(a)<v(b) and v < ) < uyp). Hence v (Q(a)DQ(D)),
since u, ) F Q(a), u,@p) 7 Q(b). This is a contradiction.

Therefore, A* ¢ L(M,U).

Second, assume, otherwise, that M* does not contain w-chains, i.e., M™ is
a dually well-founded poset. Take ©; = {ve M™ | h[M"] <i} for i <w. Clearly,
F=0pCO;C...CO; CO;4; C... (recall that h[M"] is infinite). Take the
following valuation on (M*,U):

vE R(a,b) < v(a) <v(b);
vEQa) & v € B n);
vEp & v#u.

Again u F Ay and u E p. Also u E As, because
uF (Q()DQ(a)) & (O COuw) & (¥(b)<r(a)) & uF —R(a,b).

Finally, uF A4. Indeed, assume that a,b € U(v), v E R(a,b)&(Q(b) DQ(a)),
v 7 Q(b) for some v > u. Then v(a)<v(b) and v & O,), i.e., h[M"] > v(b).
Then there exists w e M" such that h[M™] = v(b) and so w € ©,;)\O,(a), i.€.,
wEQ(b) and wFQ(a). This contradicts v E (Q(b) DQ(a)).

Hence again A* ¢ L(M,U). 0

4.3 In conclusion, we can easily obtain the following variation of Lemma 1:

Lemma 3 There exists a predicate sentence Ay, such that for every Kripke

frame (M, U): Awr, €EL(M,U) iff

Yu€ M [ the domain U(u) is finite, or the cone M™ is dually well-founded
(i.e., it does not contain w-chains) |.

Namely, put Ay, = A” D p, where A” = A& A& A3 (i.e., we drop the
disjunct A2& Ay in the premise A’ of A* = Ap_).

The proof of this lemma repeats the proof for Main Lemma, with obvious
changes. Namely, in the IFF PART, using A;& A3, we can obtain an w-chain
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vo<...<v;<...in M*" such that v; € ©;\0;41 for all i €w (the argument with
As& Ay is omitted now). And in the ONLY IF PART, we suppose that, for
some u € M, the domain U(u) is infinite and the cone M™ contains an w-chain
u=1ug<uj <...; the second case, with dually well-founded M, is omitted. O

In particular, for Kripke frames with constant domains we have:
Awr, € LM, M. X) iff [ M is dually well-founded, or X is finite |.

Note that here the restriction that M must be rooted (cf. footnote 5 in Section
2) is not required, because the class WF; of dually well-founded posets, unlike
P, (and Fin), has the following convenient property:

Every poset W ¢ WFy contains a cone W*EWF,. (c)
Clearly, Ayp, € LWFy, and so Ayp,&D € L°WF ;.

Finally, Lemmas 1 and 3, together with [10, Lemma 1] (cf. our Remark 2 in
Section 3), give the following chains of proper inclusions (here PO is the class
of all posets):

Corollary 3 QH=LPOCLWF; CLP, CLFin and
[QH+D] = L°PO C L°WF,; C L°P, C L°Fin.

In fact, LWF, € [QH+D], LP,, € L“WF,, etc. Moreover, LWF;ZLY
for any class of posets Y Z WF; thus LY CLWF, and LY CL°WF, for
any class Y D WF, (the corresponding statements for LFin and for LP, are
given in Remark 2; they involve additional restrictions related to cones or to
the rootedness, since the property (¢) fails for Fin and for P).

Remark 3 By the way, note that

LWF=LPO=QH and L°WF =L°PO =[QH+D],
where WF is the class of well-founded posets, because the standard tree w*
(the w-branching tree of height w) is well-founded, and QH (resp., [QH+ D])
is complete w.r.t. frames over w* (with expanding domains and with constant
domains respectively), cf. [2, Theorem 6.4.17(1) and Proposition 7.6.15(1)].
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